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The same remarks apply to the construction and representation of surfaces 
which are defined either geometrically, or by their equations. In fact, there is 
no doubt about the superiority of the graphic method when a model of the 
surface is required. 

In analogy with the method used in my paper on curve tracing referred to 
above, I shall make use of the theorem that every algebraic surface may be 
generated by two projective pencils of certain surfaces of lower order. If the 
equation of the surface is given, we may put it in the form 


(1) P-S—Q-R=0, 


in which P, Q, R, S are polynomials representing surfaces of lower order. The 
surface may now be generated by either of the two sets of projective pencils 


P+rQ =0, 
(2) 
R+2S =0, 
P+ R=0, 
(3) ; 
Q+rS=0. 


For every value of the parameter \ the corresponding surfaces of the two 
projective pencils of a set intersect in a generatrix curve of the given surface. 

The effectiveness of the projective method for the construction and modelling 
of surfaces, when their equations are known, lies in the proper choice of the 
polynomials P, Q, R, S. In the following examples the applicability of this 
method will be demonstrated. 


2. Construction of a quintic surface with a given quartic nodal curve. Let the 
quartic nodal curve D be defined as the intersection of the sphere 


(1) e+y+2—r=0 
with the cylinder 
(2) v+y— r= 0, 


so that D has an ordinary node at U(r, 0, 0), Fig. 1. In this figure only the 
portion of D below the zy-plane is shown; it projects as a parabolic are upon 
the az-plane. 

The equation 
(3) (a? oy? + 2? — 2)? — 2a? + y*? — rz)? = 0 


evidently represents a quintic surface S; with D as a nodal curve. 
The problem is to construct S;. With d as a variable parameter the quintic 
may be generated by the two projective pencils 


(4) Vr(a? + y? + 22 — 1°) + A? + y? — rz) = 0, 
(5) (a? + y? — raz + Avr? + Y+ 2-7) =0, 
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of quadrics and cubics, respectively. In fact by eliminating \ between (4) 
and (5), we get (3). All quadrics (4) and cubies (5) pass through D. For every 
value of \ the quadric (4) and the cubic (5) intersect in a generatrix curve (* of 
S; of the sixth order. But as D is common to the quadric and cubic, C* degen- 





Fia. 1. 


erates into D and a rest-curve M of order 2. To determine M, multiply (4) by 
\ and subtract from (5). After dividing the difference by the extraneous factor 
x’ + y’ — ra, the equation 

(6) z—-N=0 


remains which represents a plane parallel to the zy-plane. Thus M lies in this 
plane, and its equation is obtained by eliminating z between (6) and either (4) 
or (5). After some reductions this equation may be written in the form 


(7) (2 ~ Ar ) — 4Vr(vr + A)(r <i oer 


avr) 7H ‘una 


The rest curve M is therefore a circle in the plane z = \”._ By letting \ vary, the 
circle M generates S;. But there is another circle M,; in the same plane, which 
is obtained by replacing in (7) \ by — X, so that this circle M, is determined by 





h 
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(8) 


2( vr — d) 





Mr Pg Av P=) EF 
(2+ += 4( vr — d)? 


The centers of these circles lie on a rational cubic T' in the 2xz-plane with the 
parametric equations 


(9) one 


2( rt X)’ 


or, with the Cartesian equation 


(10) os (2%2Y. 


x 
I 
~” 


r— 22 


The radii p of the circles M(+ \) and M;(— X) are determined by 





_ Vira ne 0 


“— 2( vr + 2) 


By means of formulas (9) or (10), and (11), and the planes z = X’, it is a simple 
matter to determine and locate these circles, and, consequently, to construct 
and model the surface. To exhibit the two sheets of the surface through D, 
the circles M and M, may be traced on equidistant glass-plates (as transparent 
as possible). In a plaster model some portion of the surface would be hidden 
from view. Computations may be considerably reduced by making a graph of 
I’ (10) in the zz-plane. The plane z = )? intersects I’ in two points C and C,, 
the centers of M and M,, and the quartic D in two points A and B. CA and 
C,A are the radii of M and M;. A and B are the intersections of the circles 
E and F in which the plane z = ” cuts the sphere (1) and the cylinder (2). By 
this simple construction, which is shown in horizontal projection in the upper 
portion of Fig. 1, the computation for the complicated expression for p may be 
avoided for all values \” S r. 

From the construction as outlined above, we may merely conjecture as to the 
singularities of the surface. However, in order to complete the model properly, 
these must be determined definitely by discussing the equation of the surface 
with reference to its singularities. In the first place, there are evidently no real 
points of the surface below the zy-plane except those on the loops of D. The 
surface S; presents therefore the peculiarity that it contains as a part an isolated 
real branch of a curve which does not lie on the real film of the surface. The 
plane z = 0 cuts S; in the curve (2? + y* — r*)? = 0 and is therefore a trope’ of 
the surface; z.e., S; touches the zy-plane along the circle 27+ y°— r?>=0. We 
may furthermore expect a singularity at the highest point N(0, 0, r) of D. To 
determine its nature we transfer the origin to N, substitute z’ + r for z in (3), 
make the equation homogeneous, (replacing 2, y, 2’ by z/t, y/t, 2’/t, and multiply- 
ing through by ?#°), and write the resulting equation in descending powers of ft. 





1 Basset, Treatise on the geometry of surfaces, London, 1910, pp. 23-25. 
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The factor multiplying the highest power of ¢ represents the nodal cone at N, 
if it exists. Treating (3) in this manner we get 


# (4782! — 2%) + --- = 0, 
which shows that N is a binode with the biplanes 
2—r=+ $e. 


Another singularity may be expected at the node U(r, 0, 0) of the quartic D. 
Replacing x by x’ + r in (3) and proceeding as in case of the binode N, the equa- 
tion becomes 

B-4re" +... = 0, 


which shows that U is an unode with x = r as the uniplane. Ina similar manner 
we find that S is a binode with imaginary biplanes.’ 

Figure 1, Q, shows the quintic cross-section of the surface with the zz-plane, 
its equation being 
(12) r(a? + 2? — 2°)? — 2(2? — rx)? = 0. 


It has the line z = r as an asymptote; N is an ordinary node, U a cusp. The 
dotted curve is the locus I of the centers of circles M and M,. It has the lines 
x = r/2 and z = ras asymptotes. 

Another important question is whether it is possible that any of the circles 
M may degenerate into point circles. This will be the case when the expression 
for p vanishes, 7.e., when 


4Vr( Vr + A)(r? — M4) + VP = 0. 
Introducing \? = z this equation reduces to 
(13) 162° — 16rz4 — 24°23 + 3112? + Srtz — 16r° = 0. 


There are therefore 5 such circles. But only one of these is real, which is deter- 
mined by the root 
(14) z= (1.0635---)r. 


The abscissa of this point circle is x = (0.255---)r. The point circle is at the 
intersection of I with Q. ; 


3. Construction of a cubic cyclide. Every cyclide may be generated by two 
projective pencils of spheres (of which one may degenerate into a pencil of planes). 
In case of a pencil of spheres and a projective pencil of planes the surface generated 
is a cubic cyclide. Making use of the fact that a pencil of spheres is projective 
to the point set formed by the corresponding centers of these spheres, it is very 
easy to generate a cubic cylide which may be constructed and modelled without 
difficulty. 





1 Basset, loc. cit., pp. 20-23. 
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Choose the line m (y = 0, 2 = — c) as the locus of the centers of the spheres 
(Fig. 2). The pencil shall be determined by the condition that its spheres S shall 
pass through the circle (z + c)* + y? = c? in the yz-plane. Let the centers M of 
S be determined by the parameter MyM = \, so that the equation of S becomes 


(15) a+ y? + 2? + 2cz — 2x = O. 





Fia. 2 
As the axis a of the projective pencil of planes choose the line x = 0, = — 1/(2c), 
so that the pencil of planes through a and the centers of (15) becomes 
(16) (2c? — 1)a + A(2cz + 1) = O. 


For the same value of \ a plane (16) and a sphere (15) intersect in a circle C 
which generates the cyclide when \ varies. Eliminating \ between (15) and 
(16), we get for the equation of the cyclide 


(17) Qez(a? + y? + 2?) + (4c? — 1)a? + y? + (4c? + 1)2? + 2cz = 0. 


The construction of this cyclide is extremely simple. In Fig. 2 the circles C 
project as straight segments, like PQ, whose prolongation passes through N. 
The same figure also shows the cubic cross-section C3 of the cyclide with the 
vz-plane. Fig. 3 is a picture of a plaster model of the cyclide.! 


1 There seems to be no model of a cubic cyclide (which is not a cubic Dupin cyclide) in the 
market. The model represented by the figure was constructed by the author. 








~ 


52 MODELLING OF ALGEBRAIC SURFACES. [Feb., 


The well-known properties of the cyclide may easily be shown on this surface. 
From equation (17) (making it homogeneous) follows that the infinite line 7 of 
the ay-plane lies on the cy- 
clide. There must therefore 
exist five pairs of lines on the 
cyclide which cut 2, 7.e., which 
are parallel to the ay-plane. 
In order to determine these, 
cut the cyclide by a plane z=e. 
As this plane passes through 
i, the rest curve of intersection 
with the cyclide is the conic 


2Qce(x? + y? + e?) + (4? — 
1)a? + y? + (4c? + Le? 





Fic. 3. + 2ce = 0, 


or 


(2ce + 4c? — 1)a* + (2ce + 1)y? + 2ce® + (4c? + lle? + 2ce = 0. 


This conic degenerates into a pair of lines when its discriminant vanishes, 2.¢., 


| 2ce + 4c? — 1 0 0 | 
0 2ce+ 1 0 | = 0, 
0 0 2ce® + (4c? + 1)e? + 2ce | 


or when either of the three equations 2ce+ 4c?7—1=0, 2ce+1=0, 
2ce® + (4c? + 1)e? + 2ce = 0 is satisfied. This gives for e the five roots 
_1-4¢ 1 1 


a= % ’ i e3 = 0, oe 56? 





és = — 2c. 


“ach of the five planes z = e;; 7 = 1, 2,3, 4, 5 cuts the cyclide in a pair of lines. 

Those in z = e; are imaginary and parallel to the z-axis. In fact the line y = 0, 
z = (1/2c) — 2c, is an asymptote of C3, hence z = e; is the tangent plane to the 
cyclide at the infinite point of this asymptote. The line x = 0,2 = — (1/2e), 
the axis a, must be counted as two pairs. The other two real pairs are easily 
obtained as 


i 0, V1 — 4-2 + y= 0, 
é3 — 
0, V1 — 422-2 —y = 0, 


— 2c, a+ Vi — 4c-y = 0, 


SS 
uo 
a__ 
rs] 2 
II 


=—2, 2#— Vl— 4e-y=0, 


and obviously cross each other orthogonally. 
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The two pencils of planes through each of these pairs of lines cut the cyclide 
in a system of circles which belong to one of the five systems on the cyclide. 
These circles are, in general, cut out by double-tangent spheres which cut a 
fixed sphere (plane) 2 orthogonally, and whose centers lie on a quadric (conic) Q. 
The cyclide is self-inverse (for which Moutard! has proposed the bizarre word 
“anallagmatic,” ? which is now in general use) with respect to each of the spheres 
Q. The five spheres Q;, 2 = 1, 2, 3, 4, 5, are mutually orthogonal and the 
quadrics Q are confocal. They may easily be determined by well-known 
methods.* For the sake of brevity I shall merely state the results: 


2= é1, Q,=2z2= 0, 
1\° 1-—4¢ 
z= @o » = 2 2 z — a > —= 0, 
C2» sat y +( + x) 4c? 
Z= és, R= 2+y+2-—1=0, 


n 
| 
S 

> 

2) 

= 
I 


=y=0, 

2 = 65, = 2+ ¥ + (s+ 2c)? + 1= 0, 
Q, = « = 0 (plane), 
Q2 = cx? + 2(1 — 4c”)(z + ce) = 0 (parabola), 


4c? 


0; = l-4# a — 4¢7y? + 4cez + 1+ 4c? = 0 (hyperbolic paraboloid), 


Il 


Qi = y = 0 (plane), 


9 


4 , , 
Qs = 4c°2? — i = ie y? + 4cz + 1 = 0 (hyperbolic paraboloid). 


3 


For each of the five systems, the planes containing the circles of the system 
envelope quadric cones which have their vertices at the centers of the spheres Q;. 
In case of the cubic cyclide these cones degenerate into couples of pencils of 
planes through the corresponding pairs of lines on the cyclide. The spheres So, 
orthogonal to {2 (and also to 24), with their centers on the parabola Qe, touch the 
cyclide along the circles C. The directrix of Q: is the line e;, and its focus is NV. 
The spheres S, orthogonal to Q,, with their centers on Qs (but not on Qe) touch 
the cyclide in imaginary points. All spheres S, are also orthogonal to. Among 
the «7? §4’s there are «! spheres like the one shown in the figure, which are also 
orthogonal to 23. Every sphere of this kind cuts the cubic C; in points 7, U, 
V, W which, together with O and N, form a complete inscribed quadrilateral of 
the cubic. That there is a singly infinite number of such quadrilaterals through 

1 Nouvelles Annales de Mathématiques, vol. 22, 1864, pp. 306-309. 

2 (4 privatif, d\\acow, je change.) 


3 Darboux, Géométrie Analytique, Paris, 1917, pp. 405-433, where a very clear and elementary 
account of the theory of cyclides in Cartesian coérdinates is given. 
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O and N follows independently also from the fact that 0 and N form a Steinerian 
couple: on the cubic, 7.e., the points of tangency of two tangents from a point on 
the cubic (in this case the infinite point of C3) to the same cubic. Like the cyclide 
itself, the cubic C3 is anallagmatic with respect to 0 and N. In fact 


-*%. 


OT-OU = OW-0V = 1; NV-NU = NW-NT = : 42 


In case of Q; and Q, the anallagmatic property reduces to symmetry with respect 
to these planes. In case of 9; the anallagmatic constant (radius square of Q;) 
is — l. 


A CURVE OF PURSUIT. 
By F. V. MORLEY, New College, Oxford University. 


(Read before the Maryland-District of Columbia-Virginia Section of the Mathematical 
Association of America, May 15, 1920.) 


The curve of pursuit is one of that class of problems so entertainingly described 
by Professor David Eugene Smith, which in their travel through the centuries 
have preserved traces of the times of their proposers. The problem in one 
dimension, of the pursuer following the pursued in line, is common since the time 
of Zeno’s paradox?; but the curve of pursuit does not seem to have been studied 
till the 18th century. An attempt has been made to make Leonardo da Vinci 
responsible, among his other wealth of contributions, for the statement of the 
problem.? But although it is quite possible to read into Leonardo’s passage the 
essence of the question, it is perhaps doubtful that he ever had a conscious formu- 
lation. And of necessity, careful consideration of the problem had to wait until 
the methods of the calculus were known. 

At any rate, the problem of the curve of pursuit was stated by Bouguer in 
1732.4 Although the days of the buccaneers were numbered, it is characteristic 
of the times that he chose for his example a privateer and a merchant vessel. 
Bouguer considered only the simplest case, where the pursued point moves along a 
line, but in the same volume of the Mémoires de I’ Académie Royale des Sciences 
is a generalization of the problem by the remarkable de Maupertuis. Since then 
the problem in various guises has appeared in texts and periodicals. One simple 
variant, in which the pursued point moves along a circle and the pursuer starts 
from the center, was re-proposed by Professor A. S. Hathaway in this Monru ty, 
1920, 31. It is this case which is considered in this paper. 

1 For the theory of Steinerian couples and quadruples on plane cubics see the author’s Intro- 
duction to Projective Geometry, New York, 1905, pp. 197-204. 

2See D. E. Smith, Amer. Mats. Montaty, Vol. 24, 1917, p. 64. 

’ Brocard, Nouv. Corr. Math., Vol. 6, 1880, p. 211; cf. Loria, Ebene Kurven, 1902, p. 608. 

4 Mémoires de l’ Académie Royale des Sciences, 1732. 

5 H.g., Math. Monthly (ed. J. D. Runkle), 1, 1859, p. 249. There are also more elaborate 
papers such as “Sur les courbes de poursuite d’un cercle,” by M. L. Dunoyer, Nowv. Annales de 
Math., 4th series, Vol. 6, 1906, p. 198. [Compare page 91 of this issue.—Ep1ror]. 








1921. ] A CURVE OF PURSUIT. 55 


The problem suggested by Dr. Hathaway is illustrated in Fig. 1. A duck is 
swimming with constant speed around the edge of a circular pond; a dog starts 
from the center and swims always directly towards the duck, ¢ (a constant) 
times as fast. Suppose that the radius of the pond is unity, and that at any 
instant the duck has traveled over an arc 6 from its starting point; then the dog 
at the same instant will have traveled a distance s along its curved path, where 


s= c. 


If as shown in the figure we use p and w as normal codrdinates of the line joining 
dog and duck (which is always tangent to the dog’s path), the radius of curvature 
of the dog’s path will be 


@p ds dé 


da? deo = des 


2+ 


Now from the figure 








= sin (w — 6) 
or 
6—w= -— sin” p, 
so that 
dp 
db —— dw 
dw v1 — p 
The differential equation then becomes Fic. 4. 
. ap 
dp dw 
s=ell-— 
il du? ~ © V1 — p 
In this we make the substitution dp/dw = u. Then 
d*p du 
des = “dp 
and 


du uU 
pt “75> e[ 1 _ — =| 


Now let 1 — wv? — p? = 1 — r? = », where — » is the power of the point with 
respect to the circle; then 

dv du 

ae a ae = 

~~ 2| "a+? | 
and finally! 


1 The equations of the normal and tangent to the dog’s path may be written 
Z COS w + ¥ SIN w = COS (w — 0) — p 





and . . 
2 SIN w— y COSw = sin (w — 8), 
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dv \? dv 4c*v 
(i) teeta pe 

This is the differential equation giving the dog’s path, innocent enough in 
looks, but apparently not integrable by the ordinary methods. An approximate 
solution may then be sought by integration in series, or by graphical methods. 
Let us consider the latter. 

Writing the differential equation in the more familiar variables x and y and 
using these as rectangular codérdinates, we have to discuss the following: 





dy \? dy — 
(St) + sett 42H = 0. 


In the first place, at every point of the plane two directions are determined 
by this equation; namely, the roots of the quadratic in dy/dz. The locus of all 
points for which either of these directions is constant and equal to m, is given by 


9 ae = 
m + 4em + 4e? 5 2 0. 


This is a family of parabolas determined by the parameter m, and all passing 
through the points (+ 1, 0). 

The equation thus determines two families of integral curves, such that each 
member of each family cuts every parabola in a definite and determinable direc- 
tion. In order to pick out the particular integral curves in which we are inter- 
ested, let us notice the initial conditions of the problem. When the dog is at the 
center of the circle, p = 0 and v = 1, so that in the new notation we want the 
particular integral curves which pass through the point e = 0, y = 1. And what 
we want to find is the value of p (or x) when v (or y) is 0. We therefore wish to 
trace the integral curves from the point (0, 1) as far as the z-axis, and to determine 
their intercepts. 








where p denotes the distance between the dog and duck. These equations are satisfied by the 
coordinates of the dog’s position and may be regarded as expressing these coordinates in terms 
of w, 6 and p. 
If we differentiate and divide by d#, remembering that dy = dz tan w, and dz sec w = ds = cdé, 
we shall get equations which reduce to 
@ = sin (w— 0) —c (1) 
and 


d 
pa = 008 (w — 6). (2) 


These are the equations derived by Professor Hathaway in his solution of Problem 2801 given on 
pages 93-97, 6, w — 0, p and c being the same as his s, 0, r and k. 

Now v = p[2 cos (w — 0) — p], and p = sin (w — @), and these equations by aid of (1) and (2) 
lead directly to Mr. Morley’s differential equation in p and v. 

Dunoyer (1. c.) also derives equations (1) and (2) as expressing the components of the dog’s 
velocity in the direction of the duck and at right angles to this direction.—EbpirTor. 
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Let us then draw a few of the family of parabolas, lying between the z-axis 
and the parabola through (0, 1). The parabola through (0, 1) will be 


y=1-2 
and the directions at every point of this parabola will be the roots of 


m? + 4em + 4c? = 0 
namely, 
m, = — 2¢, and Mz = — 2e. 


For this parabola the directions coincide. 
Another parabola would be 
‘ie #(1 _ 2"), 


cutting the y-axis at (0, #). Here the directions are given by 


m? + 4em + 3c? = 0, 
and are 
Mm, = — 3e, and mM, = — ¢; 


and so for as many parabolas as we care to draw. Finally, on the limiting 
parabola y = 0 the directions are given by 


m + 4cem = 0, 
and are 
Mm, = — 4e, and Mm, = 0. 


Now to solve any particular case we have to attach to each parabola directions 
according to the value of c, and then the two particular integral curves in which 
we are interested (one will go with m; and the other with m2) may be plotted 
without difficulty and to a considerable degree of accuracy, using the methods 
given by Runge.! 

Let us for instance in Fig. 2 construct the integral curves for ¢ = 3. For the 
curve defined by m we start by drawing a line from (0, 1) with a slope of — 6. 
Mark a point on this line about half-way between the two outer parabolas, and 
through that point draw a line with a slope of — 8, which is the direction appro- 
priate to the second parabola. Repeat the process, using a point on this line 
half-way between the second and third parabolas, etc. These construction lines 
are not shown in Fig. 2, but by continuing the process an approximation to the 
integral curve for m is obtained. This is dotted in the figure, and in this case 
cuts the x-axis at x = 0.10. The curve for m2 is drawn by the same process, 
though here the first approximation may not be sufficiently accurate. A second 
approximation may be obtained by successive differentiation and integration by 
graphical methods, as in Runge. When drawn, as in the full line of Fig. 2, the 
curve for mz cuts the z-axis at x = 1. 








1C, Runge, Graphical Methods, Columbia University Press, 1912, p. 120. 
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In order to see the meaning of these solutions, let us draw in Fig. 3 the actual 
curve of pursuit. This may be very accurately drawn by a bracketing method. 
That is, by marking a series of small equal steps for the duck around the circle; 
one curve may be drawn where the dog is successively directed towards the 












































Fic. 2. Integral curves for c = 3. 


beginning of each step, and another curve where the dog is successively directed 
towards the end of each step. This simple procedure is shown in exaggerated 
form in Fig. 4. The true curve of pursuit will lie between the two. When the 
true curve is drawn for the case of c = 3, it is seen that the value z = 1 when 
y = 0 means that the distance from the center to the tangent of the dog’s path 
is 1 wherever the path cuts the circle. In other words, the dog comes up to the 
duck tangent to the circle. But if we had been tracing the dog’s curve back- 
wards from the center, as if he had been in flight instead of in pursuit, he would 
have reached the circle at a point where the tangent to his path is distant (by 
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measurement of Fig. 3) 0.093 from the center. The first approximation of the 
curve for m; thus checks reasonably with the curve of flight as drawn. 

But let us notice there may be cases of 
difficulty in drawing the integral curves. 
In any case where ¢ is less than 2, for in- 
stance, Runge’s method breaks down, if 
followed blindly. If we follow the curve 
for m2 we come toa point on one of the 
parabolas where the slope of the parabola 
is itself equal to mo. The integral curve 
cannot there simply cross the parabola, 
yet it cannot turn upward. The presump- 
tion is that there the curve has a flex, and 
this we shall have to test. 

First let us find the locus of those 
points where the direction assigned by the Fic.3. Curve of pursuit, c = 3, @ = .058. 
differential equation is the same as the 
slope of the parabola through that point. Call for brevity 





¥y 
Be T= 2° 
The slope of the parabola is 

dy _ dite 

de Ht = ™. 
Then 

4urx? — Scux + 4c7u = 0. 

If u» + 0, 


ux? — 2ex +c? = 0, 





. 7 |) — a 
Fic. 4. Details of brack- “7 e(2a e)(1 x") 0, 


eting method for draw- ‘ 
ing the curve of pursuite. SO that the cubic 


- (2x — e)(1 — 2”) 


y=>3 
oe 


is the locus of points for which the direction assigned is equal to the slope. This 
will cut the axis at c/2 and + 1, and may be easily drawn. 
Now the integral curve will have flexes where 


dy dm 
——, = (), or — 
dx 


dm dm _ | (1 — 2?)m+ ay | 
; mr = 0). 
(1 — 2°)? 


But 
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Hence, there are flexes, when 
2ay 


n= — — 
1 — 2 


= — Qua, 

and this leads to the same cubic given in the preceding paragraph. Thus a flex 

does occur whenever the inte- 

gral curve cuts the cubic. 
Cusps will occur on the 


: mM: (0) 
integral curve when -/ 




















dy dm $ 
5 = FT = CO , 
x «a ~— 
or when “4 
m= — 2¢ 
and that is, on the parabola 
——— 
y= 1— 2’. - 
IZ 
This additional informa- ° 
tion enables us to draw the 
integral curves with more is 


ease and Scenery There is yyg. 5. Curve of pursuit, integral curves for c = 3. Only 
very little difficulty about curve for m; is drawn. 


the integral curve for m4, 

corresponding to the curve of flight, and we shall not consider this further. But 
the behavior of the curve for mz may be more complicated. This is the case in 
Fig. 5, drawn for c = 1/2. Fig. 6 shows the actual curve of pursuit drawn by the 
bracketing method. It is to be expected that the dog will pursue a path asymp- 
totic to an inner concentric circle of radius 1/2. But the integral curve of Fig. 5 
shows very nicely just how the path approaches the asymptotic circle. Fol- 
lowing down the curve from (0, 1), there is first an intersection with the cubic, 
and a consequent flex, as shown. After this it cuts the cubic again, with another 
flex, and then meets the outside parabola at 2 = 0.71. Here it must have a cusp, 
which of necessity is of the rhamphoid type. Then it goes back, cutting the cubic 
twice more, and again meeting the outside parabola in a rhamphoid cusp at 
x = 0.42. The oscillations continue, growing smaller and smaller, and becoming 
asymptotic to the point where the cubic touches the outside parabola, namely 
(1/2, 3/4). A glance at Fig. 6 shows that the cusps of Fig. 5 indicate the apses 
in the dog’s path. 

The results may then be summarized into three divisions, according to the 
value of c. When c > 2, the cubic does not interfere. When 1 < c < 2, the 
cubic interferes, but does not affect the ultimate passage of the integral curve to 
(1, 0). When 0 < ¢ < 1, the cubic touches the outside parabola at the point 
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(c, 1 — ec’), and the integral curve becomes asymptotic to this point by a series 
of cusps. In the first two cases the dog overtakes the duck tangentially, though 
with complete indetermination of his future course; and in the last one fails. 

But although the differential equation 
has been solved as accurately as desired, 
the answer to the problem, namely the dis-. 
tance traveled by dog or duck, has not yet 
been obtained. The equation tells how to 
draw the curve of pursuit, but does not tell 
its length. ' For this an approximate form- 
ula may be derived from experiment. By 
measurement of the figures we know the 
corresponding values: 





c tf] 
less than 1 imaginary 
1 00 
3/2 136 (Figure not repro- 
3 058 duced.) Fic. 6. Curve of pursuit, c= 3; p= 
“ 0 (2.31/3.25) = 71; p = (1.38/3.25) = .42. 


Suppose that at a hazard we set up the empirical formula 


A 
§= —— : 
Ve — 1 
This is satisfied when c = 1, and when c = ©, independently of A. This is im- 
aginary like @ whene <1. Fore = 3/2, A = .150, and when ¢ = 3, A = .162. 


As a first approximation we might then use the formula 


0.156 
(= —= , 
Vc" — 1 


The curve of pursuit forms a good problem to test graphical methods of 
solving a differential equation,! since here the actual curve can be drawn easily, 
and the accuracy of the graphical solutions tested. This comparison shows 
graphical methods to be very satisfactory when used with care on such an equa- 
tion as the above, and would lend confidence to cases where the actual curve 
may not be so easy to draw. 


1 For an interesting and elementary account of the graphical treatment of differential equa- 
tions, see H. Brodetsky, Mathematical Gazette, October, 1919, and January, March, and May, 1920. 
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TWO MATHEMATICAL SHRINES OF PARIS. 
By DAVID EUGENE SMITH, Columbia University. 


In a city like Paris, that has for centuries been one of the intellectual foci of 
the world, there are many spots where the devotee to mathematics may well 
stand with bared head. The houses in which great savants were born, or lived, 
or died are often known or can be ascertained by the searcher after historical 
spots, and their tombs may be found in Pére la Chaise or in the few churches that 
escaped in the period of vandalism which swept away so many Gothic temples 
in the making of modern Paris. 

Every one who enters Saint-Roch, on the rue Saint-Honoré, will see the 
monstrosity in the form of a tomb to Maupertuis. The monument is in keeping 
with the baroque style of a church whose sole interest is in its historical location 
in a city that has known what internal conflict means. Probably, few, however, 
who cross the sea to make the grand tour or to visit the war zone of the recent 
conflict, pay more than a perfunctory visit to Saint-Germain-des-Prés or to 
Saint-Etienne-du-Mont, each a victim of the mob and, what is still worse, of the 
architectural vandal who pretends to restore while in fact he destroys. 

In Saint-Germain-des-Prés the visitor will find the remains of the most ancient 
church in Paris, part of the ancient abbey of Saint-Germain in the Fields, and 
the scene of bloody deeds in the time of the Terror. Then it was that the church 
was desecrated, its tombs were violated, and part of the ancient abbey was used 
as a prison by the leaders of the mob. In one of the chapels on the south side 
of the choir the searcher after shrines will find a black marble slab with the fol- 
lowing inscription: 

MEMORIAE 
RENATI - DESCARTES 
RECONDITORIS - DOCTRINAE 
LAVDE 
ET - INGENII - SVBTILITATE 
PRAECELLENTISSIMI 
QVI- PRIMVS 
A- RENOVATIS - IN - EVROPA 
BONARVM - LITTERARVM - STVDIIS 
RATIONIS - HVMANAE 
IVRA 
SALVA - FIDEI - CHRISTIANAE 
AVTORITATE 
VINDICAVIT - ET - ASSERVIT 
NVNC 
VERITATIS 
QUAM - VNICE - COLVIT 
CONSPECTV 
FRVITVR 
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Beneath, along the base of the wall, there is another inscription dated February 
26, 1819, and referring to this and two other monumental records, and stating 
that the ashes of these distinguished dead had for twenty-five years been resting 
among the profane, but that now they had been, with due ceremony, returned to 
consecrated ground. 

Descartes died in Stockholm on February 11, 1650, in the fifty-fourth year 
of his age and received humble interment in the catholic cemetery of the city. 
In 1666-67 the body was removed to Paris and was buried in the church of 
Sainte-Geneviéve-du-Mont, as the earlier edifice was called. Between 1764 and 
1791 a new church was built on the same site, and owing to the attitude of the 
Revolution towards catholicism, the government decided to call it the Pantheon 
and to devote it to the reception of the remains of the illustrious dead. The 
ashes of Descartes were removed during the interval and were deposited in the 
court of the Louvre. When the Napoleonic wars were over and peace again 
reigned for a time, they were, as the inscription says, interred in Saint-Germain- 
des-Prés. 

The second of these two great shrines is in the church of Saint-Etienne-du- 
Mont that looks out upon the Place Sainte-Geneviéve. The original church 
dates from the thirteenth century, but was rebuilt in 1517, and is prized on 
account of the delicate jubé which acts as a kind of rood screen before the choir. 
If the visitor will go back of the choir to the Lady Chapel (Chapelle de la Vierge) 
he will find, on the pillar at the right of the entrance, this inscription: 


3 


LE CORPS DE 
BLAISE PASCAL 
MORT LE 19 AOUT 1662 
SUR CETTE PAROISSE DE 
SAINT-ETIENNE DU MONT 
A ETE INHUME 
PRES DE CE PILIER 
R. I. P. 


Thus, in humble tombs, lie the remains of two of the most distinguished 
members of that brilliant galaxy of mathematicians that added so greatly to 
the glory of France in the seventeenth century. Hundreds of followers of the 
Cross pass these shrines each day, and hundreds of others whom curiosity leads; 
but by the great majority the inscriptions are never seen, and it would be inter- 
esting to know upon how many minds they make any worthy impress. 
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AMONG MY AUTOGRAPHS. 
By DAVID EUGENE SMITH, Columbia University. 


Epiror’s Note.—The large collection of autograph letters of famous mathe- 
maticians, now in the library of Professor Smith, includes many hundred valuable 
documents, most of them unpublished, and many of them either containing 
valuable historical information or giving such an intimate view of their writers 
as to be interesting to all who care for the mathematical sciences. On this account 
the editors have asked Professor Smith to prepare for the Monruty a series of 
brief articles under the above title, giving to its readers the opportunity of know- 
ing something of the interesting letters in his collection. 


1. DELAMBRE AND THE FOUNDER OF THE SMITHSONIAN INSTITUTION. 


Among my autograph letters are upwards of twenty written by Delambre,’ 
some of them containing the calculations made by him in the course of his survey 
for the metric system, and all of them giving evidence of the stirring times in 
which he lived. One of these letters possesses particular interest for American 
scientists, since it offers a subject for speculation as to the possible loss to our 
country of the Smithsonian Institution if it had not been written. The letter, 


in translation, is as follows: 
Paris, 16 April, 1809. 

The Perpetual Secretary for the mathematical sciences, to His Excellency Monsieur le Comte 
d’ Hunebourg, Minister of War. 

Monsieur le Comte, 

Permit me, in the name of the Class of the Mathematical and Physical Sciences of the Insti- 
tute, to recommend to your benevolence M. Smithson, a member of the Royal Society of London 
and at the present time a prisoner of war at Hamburg. 

Mr. Banks, president of the Royal Society and foreign associate of the Institute, has sent 
to us a very pressing letter in behalf of his friend, reminding us of the various reasons why M. 
Smithson is entitled to the esteem of savants. I take the liberty of joining him in his entreaty. 
Your excellency will readily see the strong reasons which prompt the Class to wish, on this happy 
and favorable occasion, to act as it has several times under similar circumstances, and to be able 
to reciprocate the protection and generous assistance which M. Banks has given to so many French 
savants in these unhappy times. 

I beg Your Excellency to accept the assurances of my most respectful sentiments. 

DELAMBRE. 


The letter contains two official memoranda, one referring the case to the 
proper subordinate, and the other being a favorable recommendation. 

The M. Banks mentioned in the letter was Sir Joseph Banks, a scientist of 
recognized standing, who had been for some years president of the Royal Society. 
He was an Oxford man, was made a baronet in 1781, and became an associate 
member of the Institute of France in 1802. 





1 Jean Baptiste Joseph Delambre (1749-1822) was a pupil of and a collaborator with La Lande, 
following his master as professor of astronomy in the Collége de France. His four histories of 
astronomy, ancienne (1817), au moyen dge (1819), moderne (1821), and au dix-huiti¢me siecle 
(posthumous, 1827) are highly esteemed. 
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The M. Smithson was James Smithson, then a man of forty-four, the natural 
son of Hugh Smithson, later Duke of Northumberland. It may have been with 
his thoughts upon the bar sinister that he afterwards wrote: 

“The best blood of England flows in my veins. On my father’s side I am a Northumberland, 


on my mother’s I am related to kings; but this avails me not. My name shall live in the memory 
of men when the titles of the Northumberlands and the Percys are extinct and forgotten.” 


Smithson spent most of his time on the Continent, and, evidently in the 
conquest of northern Germany, he had fallen into Napoleon’s hands as a civilian 
prisoner of war. Delambre wrote this letter on the day that the emperor was 
hastening to the-Battle of Ratisbon, where he defeated the Archduke Charles of 
Austria. This was seventeen years before Smithson made his will (October 23, 
1826), and it is interesting to speculate upon the question of the founding of the 
Smithsonian Institution if Delambre had not written the letter. 


QUESTIONS AND DISCUSSIONS. 
Epirep spy W. A. Hurwitz, Cornell University, Ithaca, N. Y. 


NEW QUESTION. 

42. In connection with the questions of Kakeya [1920, 256], Professor W. B. Ford is led to 
the following inquiry: A line-segment AB is to be moved in its plane to a new position A’B’. 
How should this be done in order that the area generated may, to the greatest extent possible, 
be passed over three times? 

Professor Ford has proved that if the generated area is to be passed over, to 
the greatest possible extent, but two times, AB should be rotated about the 
intersection of the perpendicular bisectors of AB and A’B’. 


DISCUSSIONS. 


Professor Campbell considers below the conditions under which the expression 
P(x, y)dx + Q(x, y)dy represents an exact differential. The ordinary form of 
the criterion is 0Q/dx = 0P/dy, and involves assumptions about the derivatives 
of PandQ. Professor Campbell gives a form of necessary and sufficient condition 
which is applicable even though these derivatives fail to exist. The condition 
which he derives involves forms which are usually explicitly used in the proof 
of the ordinary theorem; but it does not seem that his statement of the condition 
as an end in itself, is found in the literature. He gives also a generalization to the 
case of n variables. It seems that the restriction to a rectangular region, alluded 
to in a footnote, is essential for the accuracy of the proof. 

Professor McKelvey contributes some remarks on a universally troublesome 
question,—the presentation of the theory of limits in secondary schools. While 
his indication that it is never of importance whether or not a variable reaches 
its limit may require occasional modification, such modification surely bears, 
not on the question of the general meaning of limit, but on the special problem 
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in hand. A more precise presentation of the idea of limit than is customary 
would greatly facilitate the use of the notion in college teaching. 

Recent numbers of the Monruty have contained articles by Mr. Cheney 
[1920, 53] and Professor Lovitt [1920, 465] on geometric proofs of the law of 
tangents. A proof distinct from those as yet proposed is given in the last 
discussion this month by Professor Epperson. 


I. On Exact DIFFERENTIALS. 
By J. W. CampsBe.t, University of Alberta. 


The criterion usually given that the differential Pdx + Qdy shall be exact is 
oP aq 


dy dx" 
The functions P and Q are therefore assumed to be differentiable, and they are 
also assumed to have the other properties necessary for the application of Green’s 
rly . . e e . 
theorem. The purpose of this note is to suggest, in this case and in the case of n 
variables, an integral condition in which P and Q do not necessarily satisfy the 
hypotheses of Green’s theorem. 
THEOREM I.! The necessary and sufficient conditions that 


(1) Pdz + Qdy 


shall be an exact differential are that P and Q shall be integrable with regard to x 
and y, respectively, and that 


2 y *y 2 
(2) { P(x, ydu+ | Q(x, y)dy= | Q(x, y)dy + f P(x, yo)dz, 
/ x Jy Yo “0 
where (xo, yo) 1s an arbitrary fixed point in the vicinity of which P and Q are 
integrable. 

For if (1) is exact it must be of the form 


Ou Ou 
5, a + ay We 


whence 
Ou Ou 
= | dy = q. 
Therefore 
“u= { P(x, y)dx + fly) 
(3) i 


= [ Qe, way + 90), 


Yo 


where f and g are arbitrary functions of integration. 


1 It is assumed that the region under consideration is rectangular.—Ebp1rTor. 
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The two expressions (3) for uw must be identically equal in x and y, and 
therefore 


fy= { Q(xo, y)dy + g(xo), 
4 . 
) g(x) = f P(x, yo)dx + f(yo), 


f(yo) = g(xo). 


The substitution of (4) in (3) gives (2), and therefore (2) is necessary. 
It is also sufficient. For if u(x, y) represents the common value of the two 
expressions in (2), then 


and therefore (1) is exact. 
TuHeoreEM II! The necessary and sufficient conditions that 


(5) ds Xide; 

i=xat 
shall be an exact differential are that the functions X; shall be integrable with respect 
to x; and that 


(6) > | Xde; 


i=le a) 


shall be invariant under any interchange of subscripts, where in the jth term of each 
sum so obtained the x; with respect to which integrations have been made in the first 
(j — 1) terms are replaced by x;, (j = 2, -++,n). 

For if (5) is exact it must be of the form 


"aU 
2 az, da i 
and therefore 
. 0U 
Xi= 55 @=1,- , n) 
Therefore 
(7) Un f Xie + Y;, oe 


i 


where Y; is an arbitrary function of all the x; except 2;. 

Now let us suppose that the equations (7) imply the stated condition in the 
case of n— 1. Then on replacing the 2; successively by x; in (7) we readily 
show that the condition is implied in the case of n. And since the implication 
has been proved for n = 2, it follows by mathematical induction that equations 


(7) imply the necessity of the condition as stated. 
= b;.—Ep1Tor. 


1 It is assumed that the region is a generalized rectangle, that is, that a; = 2; 
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The proof of the sufficiency is similar to that for the case n = 2. 
To these two theorems may be added a third related theorem. 
THEOREM II]. The necessary and sufficient condition that 


(8) Pdx + Qdy 
(C) 
shall vanish, where C is any closed contour in a region in which P and Q are con- 
tinuous, is that Pdx + Qdy shall be an exact differential. 
For if the line integral is zero and C is arbitrary, then 
ry,Y 
Pdx + Qdy 
0, YO 
is a function of 2 and y only, and does not depend on the path. 
That is, 


iz, Yy 


Pdx + Qdy = v(2, y). 


“0, YO 


Therefore 


and the diffential is exact. 

And again if Pdx + Qdy is exact, it must be of the form du where wu is the 
common value of the two expressions in (2). But the w as there defined is con- 
tinuous in z and y, and therefore the total algebraic variation about a closed 
contour is zero. 

The form of the integral expressions appearing in (2) and (6) is usually 
given as the formula for the integral when the differential is exact, but so far 
as I have been able to find the invariance of these expressions under cyclic inter- 
change of notation has not been given as a criterion for exactness. 


Il. Tue Teacuine or Limits In THE Hicu ScHoo..! 
By J. V. McKetvey, Iowa State College. 


The title of the present paper is to some extent either misleading or non- 
committal. To make our purpose somewhat clearer, it may be stated that we 
hold no brief either for or against the teaching of limits in preparatory schools. 
We intend, rather, to state the results of several years’ observation of high-school 
students during their early years in college particularly in regard to their under- 
standing of limiting operations in the most elementary sense of the word. We 
open this discussion with whatever apologies may be necessary for saying some 
things that, perhaps, everybody knows. 

To plunge rather abruptly into the midst of the question, we note that 





1 Read before the Iowa Academy of Science, April 24, 1920. 
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practically every high school graduate, except those who have avoided mathe- 
matics entirely, has heard of a limit and knows or thinks he knows what happens 
when a variable approaches a limit. If asked what is meant by a variable 
approaching a limit, he replies with the utmost assurance that if a variable ap- 
proaches continually nearer and nearer to some constant to which it can never 
become equal, that constant is the limit of the variable. This is a most beautiful 
conception indeed. It would be a profoundly admirable one except for the fact 
that it is as totally unmathematical as anything could possibly be,—in the sense 
that the first part of the statement is insufficient and the second part is unneces- 
sary. Nevertheless, the above reply may be taken as a fair composite statement 
of a college freshman’s idea of a limit. This being the case, the question logically 
arises, where did he get it? The thousands of young people entering college each 
year are too nearly of one mind as to the definition of a limit for us to believe that 
their opinions are merely the result of accidental or spontaneous development in 
immature minds. Educational accidents do not happen with such regularity 
and persistence. If we discard the hypothesis that it just happened so, we are 
forced to the conclusion that somebody taught it to them. 

In discussing the teaching proposition one is led to the consideration of both 
personnel and text-books. As regards personnel, we must with undisguised 
embarrassment admit that there are teachers of mathematics in high schools, 
normal schools, colleges and universities who either apologize for or openly 
accept the idea of a limit that we have just recognized as the almost unanimous 
choice of college freshmen. It is neither a student’s place nor a scholar’s to say 
that a definition is wrong but it is his privilege to believe that certain conceptions 
of fundamental ideas, used as definitions, are both useless and clumsy. The 
notion that a variable must of necessity regard its limit as a sanctum sanctorum 
into the privacy of which it dare not intrude is one that has neither defense nor 
excuse in mathematical argument. The writer has yet to learn of a single problem 
involving the theory of limits in which it is of the slightest consequence whether 
the variable reaches its limit or not. It is very difficult to understand why any 
definition of a limit that excludes the most favorable case in the limiting argument 
should find such wide acceptance among intelligent people. There seems to be 
abundant evidence in support of the statement that many persons attempt to 
teach mathematics who have no conception whatever of an infinitesimal except 
that it is some strange, unnameable sort of quantity but desperately small. 
This very unfortunate state of affairs is probably in large measure due to the fact 
that instructors exist who teach, letter by letter, the subject matter of their text- 
books with a reverence born of fear and uncertainty. 

In discussing text-books, one must admit that many of them are in some 
respects a great handicap to the novice who takes them too seriously. Not long 
ago, the writer took occasion to examine a single shelf of about thirty elementary 
text-books in mathematics in regard to their definitions of a limit. A consider- 
able number of them were designed for first and second year work and of course 
did not mention limits at all. Five of the remainder defined the limit as a 
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constant to which the variable could never become equal but such that the 
difference between the variable and the constant could become ever so small. 
A sixth, we blush to relate, merely defined zero as “nothing” or something less 
than “epsilon.” Six text-books out of thirty contained these useless and con- 
fusing notions. The percentage should be stated somewhat higher than six 
out of thirty, for some of the books made no mention of limits whatever. The 
title pages indicate that the authors came from state normal schools, technical 
institutes, agricultural colleges and universities. 

A plausible explanation of the persistence of these unfortunate conceptions 
is found in the fact that most students are introduced to the idea of a Jimit in 
terms of geometry. The time worn straight line illustration in which the point 
P:moves from A toward B taking the positions Pi, P2, P3, etc., where P; bisects 
the segment P;_,B, is most popular. This may be because the illustration is 
easy, or perhaps because it is graphic. The one bit of information that the 
student gets out of this illustration and which eventually excludes every other 
feature of the argument is that the point P can never arrive at the point B. In 
this he is of course absolutely right, but so far as the limiting operation is con- 
cerned his information is just about as valuable as the discovery by a football 
coach that his star halfback had gray eyes instead of brown ones. In the above 
illustration of a limit the student should be taught that if C is a point on AB 
such that CB is arbitrarily small, then under the given law of motion P; can be 
placed between C and B, 2.e., P;B can be made less than CB. Sometimes the 
student’s preparation may not be sufficient to make a rigorous proof of this fact 
either possible or desirable. In such cases, a few numerical examples will illus- 
trate the principle so that the proper sequence of the operations may be under- 
stood. A satisfactory proof may be given when the student becomes acquainted 
with logarithms. 

The various proportionality theorems, proofs concerning the areas and arcs 
of circles, together with a number of volume and surface problems which are 
discussed in our elementary plane and solid geometries constitute the subject 
matter from which the majority of students derive their notion of a limit. This 
is a particularly unfortunate circumstance because these are all cases in which 
the variables do not reach their limits. It is not surprising that the student 
thinks this ever present fact is of some consequence in the argument. 

The idea that a point may take various positions on a straight line under 
such a law of motion that it can never reach the end of the line, or that the area 
of a polygon inscribed in a circle may be continually increased without being 
made larger than a certain fixed quantity, or in general the idea that any opera- 
tion may continue indefinitely without reaching a specified goal so impresses or 
oppresses the beginner in mathematics that his reasoning powers seemingly cease 
to function so far as the essential argument in the case is concerned. Hence 
it is the writer’s opinion that the above most vicious feature of the study of limits 
in geometry should be avoided by every means within the law. Can it be done? 
It can be done if, and only if, we give the student something else to think about. 
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The writer believes that limits should be taught entirely from the standpoint of 
inequalities. If a variable x assumes a sequence of values such that |x — a| 
becomes and remains less than a pre-assigned positive number which is arbitrarily 
small, x is said to approach a as a limit. This is a quite generally accepted form 
of the definition. Its application depends absolutely and finally on the existence 
or non-existence of a certain inequality. The fact should be definitely emphasized 
that the positive number is assigned first. If after that the variable takes such 
values that the prescribed inequality exists, the variable has a limit, otherwise not. 

This principle of the “order of choice” can not be over emphasized. It must 
be first the epsilon, then the variable. If this sequence is disturbed, the limiting 
argument breaks down completely. <A variety of illustrations may be necessary 
to drive the principle home and make it stick. Numerical examples can be used 
to advantage. Instructive exercises may be given in finding the largest permis- 
sible numerical error in determining a required number so that the percentage 
error should be less than a specified value. Such examples will illustrate merely 
the skeleton of the argument. A constant effort should be made to induce 
beginners to waive temporarily any scriptural convictions they may have that 
the first should be last and the last should be first and to learn, in their mathe- 
matical reasoning at least, to put first things first and last things last. 


III. Geometric Proor oF THE LAW OF TANGENTS. 
By C. A. Epperson, Northeast Missouri State Teachers College. 


Let a> 6. Draw CD the bisector of the external angle at C (to meet BA 
produced at D) and CF the bisector of the angle C (meeting AB in F). Then 
CF is perpendicular to CD. Draw AN (= w) and BM (= y) parallel to FC, 
meeting DC in N and M respectively. z BCM = z ACN = (A+ B)/2, and 
Z ADC = (A — B)/2. Then 

a BD MD 
b- AD” ND’ 


By composition and division 


A 
a+b MD+ND MD+ND_ YT) cot 5 
—b MD—ND MC+CN |... 
a—b MD—ND~ MC+ y+ w) eat 42 
a+b_ tan3(A + B) 
ab tan}(A — B)’ 
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History oF THE THEORY OF NUMBERS. 


History of the Theory of Numbers. Volume II:' Diophantine Analysis. By 
LEoNARD EvGENE Dickson. Carnegie Institution of Washington, 1920, 
publication number 256, Vol. II. 26+ 803 pages. Price, paper, $7.50; 
cloth, $8.00. 

In one respect at least Diophantine Analysis is probably unique in the history 
of mathematics. Perhaps no other division of the whole field has at the same time 
furnished the subject of such numerous investigations for so many generations of 
mathematicians and yet has received so little systematic development. Some 
pleasing chapters are to be found in an exposition of the subject; and a few of 
the most beautiful theorems in mathematics belong to it. But trivial problems 
have been too often treated; and fragmentary and incomplete results are to be 
found dispersed throughout nearly the whole literature. 

The nature of the subject has made it an easy prey to this evil. Two Diophan- 
tine equations which are much alike in external form may be totally different 
as regards the essential characteristics of their theory. One may be easy to 
treat and the other may be exceedingly difficult. A mediocre investigator can 
always find for himself some of these easy problems; and too frequently he has 
been willing to publish unimportant results. Some of the papers are of the char- 
acter which would be produced if one who had failed in larger problems set out 
to find something of difficulty proportionate to his strength and then published 
whatever he found. Other papers are at the opposite extreme and have required 
for their production a command of a wide range of methods and the deepest 
insight on the part of the investigator. If this judgment concerning the less 
fortunate investigator seems to the reader to be ungenerous or even harsh he 
would probably have more sympathy with it after proceeding laboriously through 
some hundreds or thousands of pages of the more trivial articles and notes. 

The immense number of disjointed elements brought to definite notice by a 
systematic and complete account such as that of the volume under review impels 
one to believe that the time has come for a change in the methods of developing 
the Diophantine Analysis. Diophantus himself and,many of his followers have 
been content with special solutions of their problems obtained under restrictive 
hypotheses which are employed for no other reason than that they simplify the 
analysis. Such papers have at least the value of showing that the equations 
treated are not impossible. Moreover, these partial investigations have made 
clear the essential character of several types of equations which repeatedly recur 
as auxiliary to the solution of other problems. 

But there seems to be no further need of the disjointed detail which is derived 


1 For a review of volume I see this Montaty, 1919, 396-403. 
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by tentative methods of no wide range and which serves merely to cumber the 
literature with more uninteresting detail and separated fact answering no real 
question. ‘Since there already exist too many papers on Diophantine Analysis 
which give only special solutions, it is hoped that all devotees of this subject will 
in future refrain from publication until they obtain general theorems on the 
problem attacked if not a complete solution of it. Only in this way will the 
subject be able to retain its proper position by the side of other virile branches of 
mathematics” (p.xx). “A. Hurwitz’s. complete discussion (p. 697) of the positive 
integral solutions of 2,° + --- + 2,2 = va,-++a, furnishes a model for thorough- 
ness which may well be imitated by writers on Diophantine equations, too many 
of whom seem to be content with a special solution of their problems”’ (p. xvii). 

Ideas rather than computations are needed in this field. Some organizing 
force to bring order out of chaos is essential. If it is not supplied and if the 
accumulation of small detail continues there is danger that Diophantine Analysis 
will become an ungainly monster and a reproach to those who cultivate its 
acquaintance. 

In criticizing the subject for the predominance of isolated problems one must 
not overlook the fact that unattached results of some sorts are of real use, namely, 
those which answer a real question. It seems not to be known, for instance, 
whether the sum of five fifth powers can itself be a fifth power just as there was a 
time when it was similarly unknown whether the sum of four fourth powers could 
itself be a fourth power. It was worth while to have the latter question answered 
affirmatively (p. 652); and it would likewise be of value to have the former (or 
any of its generalizations, pp. 648, 682) answered affirmatively by means of an 
example (if such exists). 

Every one interested in Diophantine Analysis must have observed how it 
ties the ages together for the student of mathematics. A similar honor belongs 
to astronomy, logic, and geometry. In the case of Diophantine Analysis this 
connection has been maintained primarily by a continued interest in isolated 
Diophantine problems. In logic there has been an accumulating discussion of 
the method of reasoning. In astronomy observations have been made from time 
immemorial and these in more recent generations have been reduced to order in 
the theories of Celestial Mechanics. In geometry an elegant and satisfying 
statement was made by Euclid in a form to serve as a model even down to our 
own time; and the moderns have extended the subject into wide ramifications. 
But Diophantine Analysis has existed principally in a long chain of isolated 
problems and results. This, though the general fact, fails to be true of some topics 
of the subject. 

A good example of the latter is that afforded by the remarkable theorem that 
every positive integer is a sum of four squares. Diophantus employed sums of 
four squares in three problems without naming any condition on a number in 
order that it shall be a sum of four squares while he did give such necessary con- 
ditions in similar cases for representations as sums of two or of three squares. 
On account of these facts Bachet (in 1621) and Fermat (in 1636) expressed the 
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judgment that Diophantus probably had a knowledge of the theorem that every 
positive integer is a sum of four squares; and the latter stated that he possessed a 
proof by infinite descent. For more than forty years Euler gave repeated atten- 
tion to the theorem. He converted it into equivalent forms; but he was con- 
stantly baffled in his attempt to find a proof. ‘‘ Not until twenty years after he 
began the study of the theorem did he publish in 1751 some important facts 
bearing on it, including his formula which expresses the product of two sums of 
four squares as such a sum”’ (p. x). 

Lagrange, acknowledging his indebtedness to Euler’s paper, published the 
first proof of the theorem in 1772; but the method is rather complicated. A much 
more elegant proof was given by Euler in the following year, a proof which has 
not been improved upon to the present time, though several others have been 
offered. 

But the history of the theorem is not closed with the discovery of these proofs. 
The inevitable question arises as to the number of representations of a given 
integer n as a sum of four squares; and this was answered by Jacobi in a remark- 


able theorem (p. x) obtained by comparing two infinite series for the same elliptic _ 


function. Several elementary proofs of the theorem of Jacobi have been given 
(p. x), one of them as late as 1914, while a proof by means of theta functions was 
given in 1915. 

Here we have, not isolated facts, but a general theorem of great beauty and 
interest which has served as an intellectual bond among mathematicians of 
several centuries. A similar connection is afforded, perhaps in an even more 
remarkable manner, by the theorem that every prime of the form 4n + 1 is a 
sum of two squares and by its generalizations. 

The book contains reports on more than five thousand writings. The method 
and point of view of the author in preparing these is briefly indicated in the 
following words from page xx of the preface: “ While many of these papers are of 
minor importance, the aim has been to give an exhaustive account of the literature 
on the subject rather than a selective account reflecting the author’s imperfect 
views as to relative importance. This work is intended as a source book not 
merely for the fastidious professional mathematician, but also for the larger 
number of amateurs who find endless fascination for the ‘queen of the sciences,’ 
whose rule began centuries ago and has continued without interruption to the 
present.” 

The table of contents contains an excellent and convenient classification of 
Diophantine problems and equations (with references to the parts of the text in 
which they are treated). A preface of twenty pages gives a most valuable outline 
of material contained in the whole volume and numerous illuminating remarks 
concerning the history of Diophantine Analysis. This introductory matter in 
the second volume is better prepared than the corresponding matter in the first 
volume. In fact, it is to be said that the author’s experience in the preparation 
of volume I has been useful to him in the way of leading to several improvements 
in volume II. While the former excited our admiration for its remarkable 
excellences, the latter renews it and makes it keener. 
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The extent of the volume is too vast for the reviewer to undertake a summary 
(rendered unnecessary by the preface). Attention will be called merely to a few 
outstanding features of the book and its general subject matter. 

The author believes that his chapter X XIII, on equations of degree greater 
than 4, will be more useful than any other in the volume since it contains reports 
on papers which offer general methods of attacking Diophantine equations; the 
principal methods referred to are mentioned on page xvii of the preface. A high 
degree of accuracy for chapters III, XXI-XXVI was especially desired since it 
is thought that they are the ones which will be most frequently consulted. They 
deal in order with the following topics: partitions; equations of degree three; 
equations of degree four; equations of degree n; sets of integers with equal sums 
of like powers; Waring’s problem and related results; Fermat’s last theorem 
(with certain closely related matters). Each of these chapters was checked with 
especial care by the author or by some other mathematician who gave especial 
attention to the single chapter. 

After speaking of the inexhaustible store of interesting truths presented to us 
by the higher arithmetic and of the wholly unexpected ties which are often dis- 
covered among them, Gauss (as quoted in Moritz, Memorabilia Mathematica, 
p- 272) proceeds to add: “A great part of its theories derives an additional charm 
from the peculiarity that important propositions, with the impress of simplicity 
upon them, are often easily discoverable by induction, and yet are of so profound a 
character that we can not find their demonstration till after many vain attempts; 
and even then, when we do succeed, it is often by some tedious and artificial 
process, while the simpler methods may long remain concealed.” 

Several examples of the contrast between the ease with which empirical 
theorems are discovered and the difficulty attending a complete proof are afforded 
by Diophantine Analysis. The theorem that every positive integer may be 
represented as the sum of four squares is an interesting one whose history is 
instructive (see page x). A simpler case with a shorter history is that of the 
theorem that every prime of the form 4n + 1 is a sum of two squares (p. ix). 
The author in his preface (p. xviii) singles out as a typical example of this sort 
the theorem of Waring that every positive integer is the sum of a limited number 
of mth powers and gives a brief summary of the history of the theorem. 

Of the many interesting discoveries in the theory of numbers announced by 
Fermat all have now been proved with the single exception of his so-called “last 
theorem,” which states that it is impossible to separate any power higher than 
the second into a sum of two powers of the same degree. Concerning this theorem 
Fermat said: “I have discovered a truly remarkable proof which this margin is 
too small to contain.” The final chapter of forty-six pages is devoted to the 
history of this theorem. “The dignity of this famous theorem was injured by 
the offer of a very large prize in 1908” (p. xix). “Fermat’s last theorem is not 
of special importance in itself, and the publication of a complete proof would 
deprive it of its chief claim to attention for its own sake. But the theorem has 
acquired an important position in the history of mathematics on account of its 
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having afforded the inspiration which led Kummer to his invention of his ideal 
numbers, out of which grew the general theory of algebraic numbers, which is one 
of the most important branches of modern mathematics” (p. xix). Kummer’s 
restoration of law in the midst of the chaos in the theory of algebraic numbers 
was one of the chief scientific triumphs of the last century. 

Fermat’s famous method of descent, infinite descent, indefinite descent, as it 
has been variously called by many writers, beginning with Fermat himself and 
continuing with his successors down to the author of the volume under review, 
comes in for mention in many places, as one may see from the subject index. 
The learner may make an interesting and profitable study of the method by 
means of these references to it. The only instance of a detailed proof left by 
Fermat is one by the method of descent; it is reproduced in full on pp. 615-616. 
Another very interesting case of the method is outlined on p. 619. [In the name 
of this method the adjective “infinite,” and perhaps even the adjective “in- 
definite,” is somewhat misleading. Is it desirable to adopt the practice which 
seems to predominate in the volume under review and call it simply the method 
of descent?] 

Every fragmentary result connected with a question of importance suggests a 
problem for further investigation. These are too numerous in this volume for 
summary and are not of a nature to make this desirable. But there are a few 
conjectured or empirical or unproved theorems (besides the last one of Fermat) 
to which attention should be directed. We list the following: 

1. Every number of the form 8k + 3 is the sum of an odd square and the 
double of a prime 4n + 1 (p. 261). 

2. The triple of any odd square not divisible by 5 is a sum of squares of three 
primes other than 2 and 3 (p. 266). 

3. The double of any odd integer is a sum of two primes 4n + 1 (pp. 282, 289). 

4, Every prime 18n + 1 or else its triple is expressible in the form 2°? — 32x? 
+ y° (p. 575). 

5. The sum of n numbers each a kth power is never a kth power if n < k 
(pp. 648, 682). It seems to be unknown whether we can have n = k when k > 4 
(see pp. 682, 683). , 

6. See also pages 633, 752, 767. 

Where the material to be gathered is so vast it is impossible that nothing has 
escaped attention. The author urges his readers to supply him with notices of 
errata or omissions as well as abstracts of the few papers marked by the symbol * 
before authors’ names to signify that the papers were not available for report. 
The errata discovered by the reviewer will not give the reader trouble except 
possibly in the case of the error of Lexell on p. 732 in taking as relatively prime two 
factors which are not shown to have this property, so that the suggested proof is 
inadequate. We may here record a few facts which we have not found stated 
at those places in the volume at which it seemed natural to expect them: 

1. Several persons treated the equation 2° + y® + 2° = 2u’ (ef. pp. 563, 604) 
in The Mathematical Visitor, 2, 1887, pp. 84-88, one of w om, J. H. Drummond, 
gave the following identity: 
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{24ab*(1 + 6b%)}3 + {72ab9(1 + 4b*) + a}? + {72ab9(1 + 4b°) — a}? 
= 2{72ab°(1 + 4b*) + 6ab*}*. 


2. O. D. Kellogg has stated (Carmichael’s Diophantine Analysis, p. 115; cf. 
Dickson, pp. 688-691) that for the positive integral solutions 21, 2 


9 , t, of the 
equation 


1 1 = 
Pa i ro ae 42 _—= 
the maximum value of an 2 which can occur in a solution is vu, where uv; = 1 
and Upi1 = u(u, +1). [It seems desirable to have a complete theory of this 
equation developed.] 
For the equation a’y? + 2? + y? = # Carmichael (Diophantine Analysis, 

p- 106) gave the solutions x = a, y = 2a°, t= a(2a?+1); x=a, y= 4a’ 
+ 4a°+ 3a+ 1,¢ = 4a'+ 40° + 5a°+ 3a+ 1; and also certain solutions not 
in general integral for integral values of the parameters. He applied these to 
the solution of certain problems of Diophantus and Fermat. 

4. C. Stormer (Bull. Soc. France 27, 1899, p. 160) showed that all the integral 
solutions k, m, n, 2, y of the equation 


1 1 T 
m arct an — n arctan -= k 
y 4 
are the following: 1, 1, 1, 2, 3; 1, 2, — 1, 2, 7; 1, 2, 1, 3, 7; 1, 4, — 1, 5, 239. 


It may be profitable to state for investigation a few (apparently unsolved or 
incompletely solved) problems some of which are perhaps of such sort as to be 
of interest to amateurs: 

1. Determine all polynomial solutions uw. and % of the functional equation 
ua + a+ u,” = v,° and apply the results to the solution of a group ot Diophan- 
tine problems. [Suggestions for dealing with this and certain similar problems 
are given in the last chapter of my Diophantine Analysis.] 

Develop the theory of the equation a2 + ay* + bu’ + abv! = # for con- 
stant values of a and b. 

3. Find the general integral solution of the equation #@ = a2°+ y°+ 1. [One 
solution is afforded by the relation 9° = 8* + 6° + 1.] 

4. Determine the properties of the integer m such that the equation a* + y° 
+ 2° — 3xyz = mé* shall have solutions and solve it for such values of m. 

5. Determine the integral values of a for which the equation z* + y* + a’z* 
‘ has non-zero integral solutions, and develop methods for finding these 
solutions. 

On pages xx to xxi of the preface the author takes the reader into his con- 
fidence in a remarkable passage a part of which we shall quote. He had initially 
planned to give his work the title “topical history of the theory of numbers”’; 
but the word topical was omitted on the advice of a prominent historian, since it 
is inconceivable that any one would desire the vast amount of material in this 
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work arranged otherwise than by topics. Having said this, the author then 
continues: 

“Conventional histories take for granted that each fact has been discovered 
by a natural series of deductions from earlier facts and devote considerable space 
in the attempt to trace the sequence. But men experienced in research know 
that at least the germs of many important results are discovered by a sudden and 
mysterious intuition, perhaps the result of subconscious mental effort, even though 
such intuitions have to be subjected later to the sorting processes of the critical 
faculties. What is generally wanted is a full and correct statement of the facts, 
not an historian’s personal explanation of those facts. The more completely 
the historian remains in the background or the less conscious the reader is of the 
historian’s personality, the better the history. With such a view of the ideal self- 
effacement of the historian, what induced the author to interrupt his own investi- 
gations for the greater part of the past nine years to write this history? Because 
it fitted in with his conviction that every person should aim to perform at some 
time in his life some serious, useful work for which it is highly improbable that 
there will be any reward whatever other than his satisfaction therefrom.” 

Ik is refreshing and inspiring to find a man, when he pauses at a breathing 
place in the excellent performance of a great task, willing to set forth in a quiet 
way the fact that he has been moved by the highest and most unselfish ideal of 
duty. 

R. D. CARMICHAEL. 


Logarithmic and Trigonometric Tables. Revised edition. Prepared under the 
direction of E. R. Heprick. New York, Macmillan, 1920. 21 -+ 143 pp. 


Preface: “‘The present edition of this book contains several tables not contained in the 
previous editions. The probability of the occurrence of errors has been minimized by using 
electrotype reproductions of the tables previously included, even when changes were made. 
Remarkably few errors existed in the original edition; what few have been discovered have been 
corrected. 

‘Minor changes only occur in the earlier pages. Care has been taken to preserve the page 
numbers of the principal tables up to page 114, so that older editions may be used in class-work 
without confusion, and texts which contain the principal tables may be used in the same class. 

“Among the minor changes are the insertion of a condensed table of logarithms and anti- 
logarithms (Table Ia, p. 20), the insertion of a table of values of S and 7 for interpolation in 
logarithmic trigonometric functions (Table IIIa, p. 45), and the insertion on pages 1-19 of the 
logarithms of a few important numbers at appropriate points. 

“The principal changes follow page 114. Tables VIII and IX (pp. 115-122) make reason- 
ably complete the tables of hyperbolic functions formerly represented only by Table XII (pp. 
112-114); These functions are of increasing importance, notably in Electrical Engineering. 

“The table of haversines (Table X, pp. 123-125) will be welcomed particularly by those 
interested in navigation. 

“The table of factors of composite numbers and logarithms of primes (Table XI, pp. 126-127) 
has obvious uses. 

“Tables XII a, b, c, d, e, f, pages 128-132, are intended for work involving compound interest, 
annuities, depreciation, etc. They will be useful for statistics, insurance, accounting, and the 
mathematics of business. 

“The same care has been exercised to eliminate errors in the new tables that resulted in so 
great a degree of reliability in the original edition of these tables.” 
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NOTES. 

The frontispiece of Popular Astronomy for October, 1920, is a group picture of 
members and visitors at the Northampton and South Hadley meeting of the 
American Astronomical Society, September 1-4, 1920. Among those in the 
group are the following members of the Mathematical Association: E. W. Brown, 
W. J. Hussey, H. R. Kineston, J. A. Mrtier, E. D. Rog, Jr., L. SILBERSTEIN, 
A. B. Turner, and R. E. WItson. 


The fourteenth volume of the remarkable edition of the Oeuvres Completes 
of Christian Huygens appeared in 1920 (Nijhoff, The Hague, 5 + 557 pages). 
It contains his writings on the calculus of probabilities, and his work in pure 
mathematics, 1655-1666. 


The geometrical proof of the law of tangents signed by Alex. D. Russell on 
page 58 of the last volume of the Proceedings of the Edinburgh Mathematical 
Society (published November, 1920) is identical with that given in this MONTHLY, 
February, 1920, by Mr. CHENEY. 


We are glad to note that the editors of the second volume of Journal of the 
Mathematical Association of Japan for Secondary Education [compare 1920, 25, 
45] find in our MonrtTuHLY considerable material of interest for their constituents. 
On pages 1-7 of the issue for March, 1920, there is an abridged translation into 
Japanese of Professor R. B. McCiLenon’s “ Leonardo and his Liber Quadra- 
torum ”’ [1919, 1-8]; in the issue for June, pages 85-107, 118, there are practi- 
cally complete translations of Professor HuNTINGTON’s presidential address 
(1919, 421-435], and of Mr. W. F. CuEenry’s “ New proof of the law of tan- 
gents ”’ [1920, 53-54]. 


We have referred in earlier issues to the publication of six parts of Materialien 
fiir eine wissenschaftliche Biographie von Gauss, edited by F. Klein, M. Brendel and 
L. Schlesinger [1919, 160-161, 358]. Heft 7 (1919) by M. Brendel, Ueber die 
astronomischen Arbeiten von Gauss, contained the first part of “Theoretische 
Astronomie.” Heft 8 (59 pages) by A. Fraenkel on Zahlbegriff und Algebra bei 
Gauss contains the first part “Mit einem Ahang von A. Ostrowski . . . Zum 
ersten und vierten Gausschen Beweise des Fundamentalsatzes der Algebra.” 
This was published as “1920 Beiheft” to Nachrichten von der Kéniglichen Gesell- 
schaft der Wissenschaften zu Gottingen, Mathematisch-physikalische Klasse. 


In Revista Mathemdatica Hispano-Americana, June, 1920, page 192, there is a 
note by G. A. MILLER on an incorrect definition of “simple group.”’ The content 
of this note was contained in an article by Professor Miller published in this 
Montaty, 1919, 290-291. The September number of the Revista has the follow- 
ing query by D. E. Smith on page 212: “In the arithmetic of Texada (1546) the 
sign U appears as abbreviation of the word thousand. Thus for example 


ce. Ix. U462 qs. . ix U621 


represents the number 160,462,009,621.1. What is the origin of the symbol U, 


1Cf. D. E. Smith, Rara Arithmetica, Boston and London, 1908, p. 242.—Eprror. 
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probably a heritage from the Arabs?”’ Compare F. Cajori, ‘On the Spanish 
symbol U for thousands,” Bibliotheca Mathematica, May, 1912, volume 12, pp. 
133-144. : 


The following extracts from Sylvanus Phillips Thompson, D.Sc., LL.D., 
F.R.S. His Life and Letters by Jane S. Thompson [his wife] and Helen G. 
Thompson [his daughter] (London, T. Fisher Unwin, 1920) will give an idea of 
the style of treatment of the subject throughout the volume: 

“Tn connection with his work on alternating electric currents, Thompson developed a lively 
practical interest in that branch of mathematics known as Harmonic Analysis. In 1904 he read 
a paper to the Physical Society which showed his familiarity with many of the various attempts of 
mathematicians to simplify the methods of this analysis, and he described in his paper, and later 
in The Electrician for the benefit of technical workers, ‘A Rapid Approximate Method of Harmonic 
Analysis.’ He continued to work at this for some years, and in 1911 presented to the Physical 
Society a second paper on what he called a ‘New Method of Approximate Harmonic Analysis.’ 
This method was also described in a paper read before a Swedish Society a few months later, and 
printed in the Arkiv fér Matematik, Astronomi och Fysik of Upsala and Stockholm. The method 
is described in eight short pages, quite as obscure as Chinese to the lay mathematical mind, but 
evidently appreciated by those with sufficient training to follow its argument; and in June, 1914, 
he was requested to allow his method, with its scheduled forms, to be incorporated in the Handbook 
of an exhibition of forms for facilitating Harmonic Analysis, at the Napier Tercentenary Celebra- 
tions held at Edinburgh that summer. . . . Dr. Alexander Russell . . . wrote thus of Thompson’s 
work in this field: ! 

‘**He loved music and had an accurate musical ear. The valuable paper which he read to 
the Physical Society in 1910 on ‘‘Hysteresis Loops, and Lissajous’ Figures”’ was a happy mixture 
of magnetism, sound, and mathematical theorems. In solving mathematical problems and 
inventing new mathematical theorems he took the keenest delight. He did most excellent work, 
for instance, in simplifying Runge’s method of practical harmonic analysis. He was dissatisfied, 
however, with the accuracy obtainable by this method. He then invented a series method of 
harmonic analysis. The writer remembers how pleased he was when he first discovered it, and 
with what mutual pleasure we discussed it. He greatly appreciated the lectures which Dr. 
Kennelly of Harvard gave at the Institution some years ago. In proposing a vote of thanks to 
him he expressed himself, as usual, most happily. He said that he felt constrained to exclaim, 
‘Great is the Hyperbolic Angle, and Kennelly is its Prophet!”’’ 

“Thompson took a keen interest in hyperbolic trigonometry, and contemplated writing a 
little treatise on the subject, which was to have been a companion volume to the Calculus made 
Easy. He and his old student, Mr. Maurice Gheury, had already partly planned the work in 
1914,? but like much else it was cut short by the war.”’ [Pages 105-107.] 

“In order to help his students to get a grasp of the Integral Calculus, a branch of mathe- 
matics absolutely essential for the training of a mechanical or electrical engineer, he invented a 
new way of presenting the subject which was used for many years in the college. At last, in 1910, 
he published this in the form of a small volume entitled Calculus made Easy, by ‘F. R. 8.’ It 
was brought out by Macmillan’s, and the secret of its authorship was faithfully kept until after 
the death of the author. It was written in a very amusing colloquial style, which raised the ire 
of some of the serious teachers of mathematics who objected to the subject being treated as a 
joke, but its tremendous success showed that it met the need of students. In the Prologue he says: 

““Being myself a remarkably stupid fellow, I have had to unteach myself the difficulties, 
and now beg to present to my fellow fools the parts that are not hard. Master these thoroughly, 
and the rest will follow. What one fool can do, another can.’ 

“In the Epilogue he says: 

‘““« There are amongst young engineers a number on whose ears the adage that, what one fool 
can do another can, may fall with a familiar sound. They are earnestly requested not to give the 
author away, nor to tell the mathematicians what a fool he really is.’ 


1 Journal of Inst. EZ. E., vol. 55, p. 550. 
2 Such a work, Exponentials made Easy, was published by Mr. Gheury in 1920. 
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“The students who knew the secret kept it carefully. .. . 
“Sir Oliver Lodge wrote: 
“““My dear Silvanus, 

“““You know that book Easy Lessons in the Calculus, I have concluded that the book is 
by John Perry, but recently I have heard it attributed to yourself. I do not in the least think 
that that is true, but perhaps you would not mind sending me a postcard either of denial or 
acceptance, for evidently the anonymity is not carefully preserved. 

‘“** Yours ever, 
“Oliver Lodge.’ 
‘After the death of the author the book was published in his name, and is still being largely 
used, both in this country and in America.” [Pages 138-140.] 


ARTICLES IN CURRENT PERIODICALS. 


AMERICAN MACHINIST, New York, volume 53, August 26, 1920: “Teaching machine shop 
mathematics” by G. Heald, 421. 

ANNALS OF MATHEMATICS, second series, volume 22, no. 1, September, 1920: “On 
multiform functions defined by differential equations of the first order’? by P. Boutroux, 1-10; 
‘‘Hermitian metrics” by J. L. Coolidge, 11-28; ‘‘On the expansion of certain analytic functions 
in series” by R. D. Carmichael, 29-34; ‘‘Notes on the cyclic quadrilateral” by F. V. Morley, 
35-42; ‘Note on the preceding paper” by F. Morley, 43; “‘Qualitative properties of the ballistic 
trajectory” by T. H. Gronwall, 44-64. 

ATHENXUM. London, October 22, 1920: “James Clerk Maxwell” by S., 557-558 [First 
paragraph: “‘The place that will be held by James Clerk Maxwell in the history of physics is not 
easy to determine. That it will be a very high place is obvious, that he will emerge as the greatest 
of the physicists of the nineteenth century is probable, but the student of Maxwell must feel that 
this kind of ranking is somehow irrelevant, or likely to become irrelevant, to his peculiar effect. 
The unique impression produced by Maxwell’s achievement is not adequately described by being 
referred to his “‘originality.”” There are different ways of being original; it is not a sufficiently 
penetrating term. A number of Maxwell’s scientific contemporaries were original men, but one 
is conscious that they had more in common with one another than Maxwell had with them. An 
exception from this statement is found in W. K. Clifford, who, as has often been remarked, had a 
genius curiously akin to Maxwell’s. Both men were exceptionally independent thinkers, both men 
resisted the attraction of the high road; both men, if the term may be permitted, had a personal 
and unique angle of approach to the problems of their time. But this, though true, is not a 
sufficient description. It is important that in neither case do we feel their individual quality to 
be an eccentricity; their work has a power, and, still more, a comprehensive serenity, which is 
never the product of mere oddity—the oddity, for instance, of a Samuel Butler. If we try to get 
closer to this elusive and important characteristic we do not meet with much success; but we may 
suggest that the ideas of these men have the effect of springing from an unusually rich, subtle 
and comprehensive context. The fundamental ideas of the science of their time were subtly 
modified by reception into these minds; they were connected in a personal and unusual web of 
implications.’’] 

BULLETIN DES SCIENCES MATHEMATIQUES, volume 55, July, 1920: Review by A. Buhl 
of C. I. Lewis’s, A Survey of Symbolic Logic (Berkeley, 1918), 154-155. 

CHIMIE ET INDUSTRIE, Paris, volume 3, May, 1920: ‘De l’influence des spéculations 
mathématiques sur les progrés de la chimie” by H. LeChatelier, 555-565 [translated into English, 
Scientific American Monthly, volume 2, November, 1920, pp. 229-234].—Volume 4, August, 1920: 
“A propos de la formation des chimistes” by E. Grandmougin, 252-254. 

ENGINEERING, London, volume 109, June 11, 1920: “Mathematics for the engineer,”’ 
795-796. 

L’ENSEIGNEMENT MATHEMATIQUE, volume 21, no. 2, September, 1920: “Charles Ange 
Laisant, 1841-1920” (portrait frontispiece) by A. Buhl, 73-80; ‘Extension du probléme des 
triangles héroniens” by C. A. Laisant, 80-84; “Sur I’élimination algébrique” by C. Riquier, 
85-105; “Table de caractéristiques de base 30030 donnant, en un seul coup d’ceil, les facteurs 
premiers des nombres premiers avec 30030 et inférieurs a 901800900” by E. Lebon, 105-116 
(‘Extrait de l’introduction’’]; “Sur la théorie des vecteurs, essai de calcul symbolique”’ by T. 
Rousseau, 117-131; “Calcul des racines reélles d’une équation algébrique ou transcendante par 
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approximations successives”’ by M. T. Béritch, 131-135; Mélange et correspondance, Chronique, 
Notes et documents, Bibliographie, Bulletin bibliographique, 136-152. 

GENIE CIVIL, Paris, volume 76, June 26, 1920: “Histoire des machines A calculer” by M. 
d’Ocagne, 580-581. 

JOURNAL DE MATHEMATIQUES PURES ET APPLIQUEES, Se série, tome 2, 1919: ‘Sur les 
représentations propres pour quelques formes quadratiques de Liouville” by E. T. Bell, 349-271. 

JOURNAL OF THE AMERICAN INSTITUTE OF ELECTRICAL ENGINEERS, volume 39, July, 
1920: ‘‘ Alignment chart for circular and hyperbolic functions of a complex argument in rectangular 
coordinates” by V. Bush, 658-659. 

JOURNAL OF APPLIED PSYCHOLOGY, volume 4, nos. 2 and 3, June-September, 1920: 
“Tables to facilitate the computation of coefficients of correlation by the rank difference method,”’ 
115-125. 

MACHINERY, New York, volume 26, January, 1920: “To draw a circle tangent to three 
given circles” by C. N. Pickworth, 459-460 [“‘ An answer to this problem was given in the March, 
1917, number of Machinery in which the center of a circumscribed circle was found by modern or 
projective geometry. This method is very complicated: it requires a large number of operations, 
but gives no means of calculating the diameter of the circumscribed circle. The following solution 
is based upon the following geometric theorem: If three circles are mutually tangential, a line 
drawn from the center of similitude of two of the circles tangent to the third circle, is also tangent 
to a circle which is tangent to the three circles.” The following formula for the radius of the 
tangential circle, touching the given circles, all internally or all externally, is credited to C. V. 
Durell: 

abc 


R = ’ 
(ab + be + ac) ~ 2Vabc(a + b +c) 


where a, b, c are the radii of the given circles.] 

THE MATHEMATICS TEACHER, volume 13, no. 1, September, 1920: “The teaching of 
verbal problems” by E. R. Breslich, 1-12; “The teaching of mathematics in the Junior High 
School” by Margaret E. Davis, 13-24; ‘‘The metric system. Its relation to mathematics and 
industry” by W. Souder, 25-35; A statement of the plans and purposes of the National Council 
of Teachers of Mathematics, 39-43. 

MIND, October, 1920: ‘The philosophical aspect of the theory of relativity’? (symposium) 
by A. 8. Eddington, W. D. Ross, C. D. Broad, and F. A. Lindemann, 415-445. 

MONIST, volume 30, no. 4, October, 1920: “On the theory of probabilities” by Dorothy 
Wrinch, 618-623. 

NATURE, volume 106, September 30, 1920: “Ballistic calculations” by D. R. Hartree, 152- 
154—October 7: “Principles of aeronautics” [review of E. B. Wilson’s Aeronautics: a Class Text 
(New York, 1920), 173-174]; ‘International catalogue of scientific literature,’ 195-196 [an 
account of the conference at London, September 28-29, 1920, attended by delegates from 14 coun- 
tries; ‘‘the conference was called to consider whether any modifications in the present Catalogue 
are advisable and how the difficulties created by the war can best be overcome. . . . [The dele- 
gates] came to the conclusion that, even though a change be made in the future in the method of 
indexing, it is imperative to continue the International Catalogue of Scientific Literature in its 
present form until the literature published up to the end of the year 1915, and possibly also that 
up to the end of the present year 1920, has been catalogued. . . . The question as to the future of 
the Catalogue after the completion of the twentieth issue was referred to a committee of the 
delegates for further consideration . . .”]; ‘‘The international congress of mathematicians,”’ 
196-197—October 14: “Lunar tables” by H. C. P. [review of E. W. Brown’s Tables of the Motion 
of the Moon (New Haven, 1919)] 203-205—October 21: Review by W. E. H. B. of G. H. Hardy’s 
Some Famous Problems of the Theory of Numbers and in particular Waring’s Problem (Oxford, 
1920), 239-240; “‘Ewing’s ‘Thermodynamics’”’ [three corrections by the author], 242. 

PHILOSOPHICAL MAGAZINE, sixth series, volume 40, October, 1920: ‘On a method of 
finding a parabolic equation of the rth degree for any graphically faired curve” by T. C. Tobin, 
513-515. 

POPULAR ASTRONOMY, volume 28, no. 8, October, 1920: “The orthographic projection of 
a sphere” by W. H. Pickering, 446-448; “The first attempt to adopt the Gregorian calendar in 
England” by R. Lamont, 470-473; ‘‘Some recollections of John A. Brashear” by H. B. Rumrill, 
474-475. 
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PROCEEDINGS OF THE LONDON MATHEMATICAL SOCIETY, second series, volume 19, 
October, 1920: “A new theory of measurement—a study in the logic of mathematics” by N. 
Wiener, 181-205. 

PROCEEDINGS OF THE NATIONAL ACADEMY OF SCIENCES OF THE U. S. A., volume 6, 
no. 7, July, 1920: ‘Analytical note on certain rhythmic relations in organic systems” by A. J. 
Lotka, 410-415; ‘On the class number of the field Q(e?‘*/e") and the second case of Fermat’s 
last theorem” by H. 8S. Vandiver, 416-421. 

SCHOOL AND SOCIETY, volume 12, October 9, 1920: ‘Application of business principles in 
Junior High School mathematics” by T. Lindquist, 304-307—October 30: “Why study mathe- 
matics?” by A. Dresden, 390-395. 

SCHOOL SCIENCE AND MATHEMATICS, volume 20, no. 7, October, 1920: ‘A problem and 
its numerical solution” by W. W. Sleater, 612-618; ‘The use of charts for prose problems” by 
J. A. Nyberg, 619-623; ‘The teaching of logarithms and the slide rule in the ninth grade” by 
C. E. Stromquist, 624-628; “‘A study of examinations and tests” by Mabel W. Arleigh, 629-631. 

SCIENCE, n.s., volume 52, October 1, 1920: “Electricity and gravitation” by H. Bateman, 
314-315—October 22: “‘The summer meeting of the American Mathematical Society” by A. 
Dresden, 393-394. 

SCIENCE PROGRESS, volume 15, October, 1920: “‘The measurement of surface tension” 
by W. N. Rae and J. Reilly, 223-233; Reviews by Dorothy Wrinch of S. Ganguli’s The Theory of 
Plane Curves: Parts I and II (Calcutta, 1919), of H. T. H. Piaggio’s Differential Equations (London, 
1920), and of W. P. Webber and L. C. Plant’s Introductory Mathematical Analysis (New York, 
1919), 310-311; Reviews by H. 8. J. of G. C. Comstock’s The Sumner Line or Line of Position 
as an Aid to Navigation and Blank Reduction Forms for Line of Position Observations (New York, 
1919) and of A. 8. Eddington’s Space, Time, and Gravitation (Cambridge, 1920), 312-313; Review 
by O. A. Craggs of B. K. Sarkar’s Hindu Achievement in Exact Science (London, 1918), 337. 

SCIENTIFIC AMERICAN MONTHLY, volume 1, March, 1920: ‘“Trigonometric computer” 
by F. E. Wright, 228—Volume 2, November, 1920: “The education of chemists. Influence of 
mathematical speculations on the progress of chemistry”? by H. LeChatelier, 229-234 [see Chimie 
et Industrie above]. 

SCIENTIFIC MONTHLY, volume 11, no. 4, October, 1920: “The mathematician, the farmer, 
and the weather” by T. A. Blair, 353-361. 

TEXAS MATHEMATICS TEACHERS’ BULLETIN, volume 6, no. 1, November 10, 1920: 
“The work of the National Committee on mathematical requirements” by H. J. Ettlinger, 5-6; 
“A series of papers on fundamental concepts of mathematics,” 7; “‘ Mathematics the common 
denominator of the exact sciences” by T. MeN. Simpson, 8-13; ‘‘An elementary comparison 
between the Euclidean geometry of the plane and the geometry of the surface of a sphere” by 
H. J. Ettlinger, 14-17; ‘‘Codes and ciphers” by Renke Lubben, 18-24; “An account of some 
philosophical theories of geometry” by Elizabeth Hutchings, 25-28 [a review of Russell’s Founda- 
tions of Geometry, chapter 2]; ‘‘The foundations of geometry” by H. H. Hammer, 29-34 [a review 
of Hilbert’s Foundations of Geometry]; ‘Junior high school mathematics” 35-49 [a reprint of 
Secondary School Circular no. 6, Washington, D. C., July, 1920]; “‘A problem involving indeter- 
minate equations” by H. J. Ettlinger, 50-53; “The straight edge” by ‘A. N. Onymous,”’ 54. 

TIMES, LITERARY SUPPLEMENT, London, volume 19, September 9, 1920 (also September 
10): “First use of the decimal point”! by J. D. White, 584 [The letter: ‘“Sir,—In the ‘Encyclo- 
pedia Britannica’ (11th ed., XXV, 910d) is an article on Stevinus, the introducer of decimal 
fractions, in which, after stating that decimal fractions were first proposed by Simon Stevinus in 
‘La Disme,’ a small pamphlet first published in Dutch in 1586 and not exceeding seven pages in 
the French translation, and observing that the original notation of the decimal places by indices 
was rather unwieldy, the writer says, ‘The point separating the integers from the decimal fractions 
seems to be the invention of Bartholomzus Pitiscus, in whose trigonometrical tables (1612) it 
occurs, and it was accepted by John Napier in his logarithmic papers (1614 and 1619). 

“This reference to Pitiscus corrects the view that the first appearance of the decimal point, 
not merely in any book printed in this country, but in any book printed at all, was in the first 
edition in English of Napier’s ‘Descriptio’ of logarithms (1616), in which both Briggs and Wright 
had a part. That erroneous view is to be found in various modern works on the history of mathe- 





1 Reference may be given to Professor L. C. Karpinski’s article “The decimal point” in 
Science, June 29, 1917, vol. 45 (2), pp. 663-665.—EbiTor. 
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matics, and even in the article ‘Arithmetic’ in the ‘Encyclopedia Britannica’ (11th ed., II, 535c) 
it is stated that ‘The present decimal notation, which is a development of that of Stevinus, was 
first used in 1617 by H. Briggs, the computer of logarithms.’ But the priority of Pitiscus is 
beyond question. On points of detail, however, the following observations may be made. 

“1. The Dutch (Flemish) edition of Stevinus’s work, entitled ‘De Thiende,’ has thirty-six 
pages and bears date Leyden, 1585. The French translation entitled, ‘La Disme,’ ‘premierement 
descripte en Flameng, et maintenant conuertie en Francois,’ forms part of Stevinus’s larger work 
‘L’Arithmetique’ (in which it occupies twenty-nine pages, the first seven of them being taken up 
with introductory matter) which is dated from the same press at Leyden in the same year, 1585. 
The English translation entitled ‘Disme: The Art of Tenths, or, Decimall Arithmetike,’ by Robert 
Norton, bears date London, 1608. 

“2. Before using the decimal point in the tables to the third edition of his ‘Trigonometria’ 
(Frankfort, 1612), Pitiscus had used it in a similar way in the similar tables to the second edition 
of that work, published at Augsburg in 1608, which therefore seems to be the date of its first 
appearance. He had not used it in the shorter tables to the first edition of that work, published 
at Augsburg in 1600. 

“3, The decimal point was not used in the original Latin edition of Napier’s ‘Descriptio’ 
(Edinburgh, 1614), and the first of his publications in which it is used was the edition of that work 
in English (London, 1616), already mentioned. 

“That the decimal point should have made its first appearance in trigonometrical tables is 
not surprising when we remember that at the time when Pitiscus wrote there were already in use 
various tables of natural sines, etc., which were stated as integral numbers to radius 10,000,000, 
or some other power of 10. Rheticus, for instance, in his ‘Canon Doctrine Triangulorum’ 
(Leipsig, 1551) had set out a table of sines, ete., to radius 10,000,000, the sine, for example, of 
22° 30’ being given as 3826834. Pitiscus, in the tables to his first edition of his ‘Trigonometria’ 
(Augsburg, 1600) stated them to radius 100,000, giving the sine of this angle as 38268. This 
reduction by two figures was a reduction in accuracy, and the effect was particularly noticeable in 
the case of angles in the neighbourhood of 89° and 90°, where the sines for several successive minutes 
are the same for the first five figures, and the differences do not become apparent till the sixth or 
seventh figure. In the more extensive and elaborate tables to his second edition (1608), Pitiscus 
retained his comparatively convenient radius of 100,000, placed a point—an ordinary full stop— 
after the last integer, and added the subsequent figures as decimals; thus, for example, he gives 
the sine of the angle already mentioned as 38268.34. In the case of the larger angles he availed 
himself for this purpose of the more extended integers that had been tabulated to radius 
10,000,000,000 in the ‘Opus Palatinum’ of Rheticus and Otho (1596), and gives, for instance, the 
sine of 89° 10’ as 99989.42319. 

“Napier, in the original Latin edition of the ‘Descriptio’ (1614), gives the natural as well as 
the logarithmic sines for each minute of the quadrant, stating both of them as integral numbers 
to radius 10,000,000 and not using the decimal point. In the English edition (1616), the radius 
was taken as 1,000,000, and both the natural and the logarithmic sines are given to one figure 
less than before for angles from 0° to 89°. Thus, for instance, the natural sine of 22° 30’, which 
had been given in the Latin work as 3826834, was given in the English work as 382683. In the 
cases, however, of angles from 89° to 90°, the difficulty already mentioned was overcome in the 
same way as Pitiscus had overcome it by placing a point—an ordinary full stop—after the sixth 
figure, and adding what had previously been the seventh figure as a decimal. Thus, for instance, 
the natural sine of 89° 10’, which appears in the Latin work as 9998942, appears in the English 
work as 999894.2. 

“In modern practice, of course, both the natural and the logarithmic sines, etc., are given 
to radius 1, the last mentioned natural sine being stated as 0.9998942. This shifting of the decimal 
point (now printed as here), so as to give the quantity to radius 1, seems simple enough to us; 
but its development was retarded partly by the fact that the sines of the smaller angles were repre- 
sented by fewer figures than those of the larger ones. Thus the natural sine of 0° 30’, as given by 
both Rheticus and Napier to radius 10,000,000, is 87265. To radius 1 it is, of course, 0.0087265. 
But the use of preliminary 0’s, which is requisite for this development, belongs to a considerably 
later stage of progress. 

“Tt is ‘pretty to observe’—as Pepys would have said—that an English edition of Pitiscus’s 
work by Raphe Handson appeared in 1614, and that if Handson had reprinted the later tables, 
his would have been the first book printed in this country to contain the decimal point. But 
—practical man!—he explains in his preface that their greater complexity ‘was thought to be 
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more troublesome to the Marriners, and therefore the Tables last printed by Pitiscus were omitted 
as overtedious, his first being annexed herewith for the more ease in working. But if any man 
desire those Tables themselves, they may buy them apart in the Latin printed at Franckford, 
1612.’ In view of these observations it would seem that the tables of Pitiscus were not unknown 
in this country; and it appears unlikely that the mathematicians who used the decimal point in 
the English edition of the ‘ Descriptio’ of 1616 were unacquainted with the tables of 1608 and 1612, 
in both of which it had been used.”’] 

TOHOKU MATHEMATICAL JOURNAL, volume 18, nos. 1 and 2, August, 1920: “Generaliza- 
tion of Bessel’s and Gram’s inequalities and the elliptic space of infinitely many dimensions”’ 
by K. Ogura, 1-22; “The irreducible cases of algebraic solutions” by C. E. White, 23-33; ‘“Re- 
marque sur un théoréme relatif aux racines de l’équation a,2" + dp2"™! +... + ae +a =0 
ou tous les coefficients a sont réels et positifs’’ by G. Enestrém, 34-36; ‘‘Theorems on convergent 
integrals” by T. Kojima, 37-45; ‘‘A proof of a theorem of Haskell’s” [in Japanese] by T. Kubota, 
46-48; “On the interpolation by means of orthogonal sets” by K. Ogura, 49-60; “‘On the inter- 
polation by Legendre polynomials” by K. Ogura, 61-74; ‘On certain inequalities” by T. Hayashi, 
75-89; “Sur les courbes orbiformes. Leur utilisation en mécanique "by G. Tiercy, 90-115; 
“On the passing of simple continuous arcs through plane point sets” by J. R. Kline, 116-125; 
“Einige Sitze iiber charakteristische Eigenschaften gewisser Flichen’”’ by T. Kubota, 126-127; 
“On Bertrand curves” by M. Tajima, 128-133; “On continuous set of points, Il” by K. Yone- 
yama, 134-186; Shorter notices and reviews, Miscellaneous notes, 187-203. 

ZEITSCHRIFT FUR MATHEMATISCHEN UND NATURWISSENSCHAFTLICHEN UNTERRICHT, 
volume 51, nos. 7-8 (published July 22, 1920): ‘Fragen der Oberlehrerausbildung mit Beziehung 
auf angewandte Mathematik und Technik by R. Rothe, 177-190; ‘“‘ Die Genauigkeit des logarith- 
misch-trigonometrischen Rechnens”’ by A. Fischer, 191-195; “Die Einfiihrung des Kraftbegriffes 


auf der Oberstufe”’ by K. Hahn, 195-198; ‘“Bildliche Darstellungen gewisser Summenformeln”’ 
n n n 
by K. Bochow, 198-203; [geometrical representations of § n?, 5 n3, and Sn‘, together with their 


n 1 1 1 
relations to each other and to 3 7;] “Zur Vielpassaufgabe” by H. Dostal, 204; “ Aufgaben- 
1 


repertorium,” 204-207; [Discussion of the system of equations ar + (a + n)y + (a+ 2n) =0, 
(a + 3n)x + (a + 4n)y + (a + 5n) = O] by P. Schulze, 216. 
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SEND ALL REPORTS OF CLUB ACTIVITIES TOE. L. DODD, UNIVERSITY OF 
TEXAS, AUSTIN, TEXAS. 


CLUB TOPICS. 


18. Fintre Geometries. By U. G. Mircuett, University of Kansas. 


General analytic and synthetic definitions of finite (or modular) projective 
geometries were given by Veblen and Bussey, Transactions of the American 
Mathematical Society, Vol. 7 (1906), pp. 241-259. They used the symbol 
PG(k, p"), where k, p and n are integers and p a prime, to represent a finite pro- 
jective space of k dimensions having p” + 1 points onevery line. As they pointed 
out (pp. 258-259) the finite geometries so defined included many new configura- 
tions! and many that were already well known. The PG(k, p) had been defined 

1The term “configuration” in its projective geometry sense. seems to be due to Theodor 
Reye who used it first in 1876 in his Geometrie der Lage, Band I, 2 Aufl., S. 4, and who defined 
the term for the two-space and three-space in his article ‘‘Das Problem der Configurationen” in 


Acta Mathematica, Vol. 1, pp. 93-96. The general matrix definition now in use was given by E. H. 
Moore, ‘‘Tactical Memoranda,” American Journal of Mathematics, Vol. 18 (1896), pp. 264-303. 
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synthetically by Fano! and analytically by Hessenberg’ and its group properties 
had been studied by Moore.* 

Veblen and Bussey (/.c.) developed a method for constructing all configura- 
tions which satisfy the definition and showed that they have a geometrical 
theory identical in most of its general theorems with ordinary projective geometry. 
They thus afford a treatment of finite linear group theory analogous to the ordinary 
theory of collineations. 

Some of the geometric properties of the PG(2, 2") have been given by the 
writer* and the three-space PG(3, 2) was studied by Conwell.> Conwell showed 
that the group theory of the PG(3, 2) furnishes a complete solution to Kirkman’s 
school-girls problem® and is related to several functions which are of importance 
in the Galois theory of equations. Veblen’ made use of finite geometries in 
considering the problem of map-coloring and H. H. Mitchell® determined the 
finite ternary and quaternary linear groups (previously determined by other 
methods) by geometrical methods suggested by finite geometries. 

A systematic treatise (159 pp.) on trigonometry, logarithmic curves and the 
geometry of the straight-line, circle and conics in a modular space of two dimen- 
sions was published in 1911 (Paris, Gauthier-Villars) by Gabriel Arnoux? under 
the title Essar de Géométrie analytique modulaire a deux Dimensions. 

Dickson, in the Madison Colloquium Lectures (Amer. Math. Soc., 1914), 
discussed modular geometry and covariantive theory of a quadratic form in m 
variables, modulo 2 (Lecture IV), and a theory of plane cubic curves with a real 
inflexion point valid in ordinary and in modular geometry (Lecture V). 

Much of the theory developed in Veblen and Young’s Projective Geometry, 
(Boston, 1910 and 1918) is as valid in modular as in ordinary projective geometry. 

A brief discussion of the PG(2, 3) was given by Bennett in this Monruty for 
October 1920, pp. 357-360. His remarks on the significance of modular geometry 
(pp. 360-1 and footnote) should also be noted in this connection. 

Finite geometries are useful in illustrating clearly the relation between 


1“Sui postulati fondamentali della geometria projettiva,’’ Giornale di Matematiche, Vol. 30 
(1892), p. 106. 

2“Ueber die projective Geometrie,’”’ Sitzwngsberichte d. Berl. math. Gesellschaft, 1902-03, 
pp. 36-40. 

3 “Concerning Jordan’s linear groups,” Bulletin Amer. Math. Society, Vol. 2 (1895-96), pp. 
33-438. 

4 “Geometry and Collineation Groups of the Finite Projective Plane PG(2, 2?),’’ Lawrence, 
Kansas, 1913. ; 

5 “The Three-Space PG(3, 2) and its Group,” Annals of Mathematics, Vol. 11 (1910), pp. 
60-76. 

6 For history of this problem and bibliography of literature relating to it, see Ball’s Mathe- 
matical Recreation and Essays, fifth ed. (London, 1911), pp. 193-223. 

7 Annals of Mathematics, Vol. 14 (1912), pp. 86-94. 

8 Transactions of the American Mathematical Society, Vol. 12 (1911), pp. 207-242, and Vol. 14 
(1913), pp. 123-142. 

® The first sentence of the preface, however, gives credit to collaborators in the following 
language: 

‘Bien que le présent Livre sur la couverture mon nom seul, il a été en réalité le résultat d’une 
véritable collaboration entre M. Laisant, M. Gaston Tarry et moi.” 
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euclidean and projective geometry. For example, if the finite euclidean plane 
geometry, modulo 3, be pictured it will be seen to consist of 9 points and 12 lines 
and that the addition of the 4 ideal points in which these lines meet and the 
addition of the ideal line on which the 4 ideal points lie gives the finite plane 
projective geometry, modulo 38, consisting of 13 points and 13 lines. 

In working with modular geometries recently the writer observed that if 
the point (an, 2-1, ***, %1) in the euclidean geometry EG(n, p), be taken to 
represent the integer ap" + tip"! + --- + 21, where p is any prime and 
21, %2, +++ &, are marks of the Galois Field GF(p), we have a geometric repre- 
sentation of the positive integral number system from 0 to p"*'. The algebra of 
points in the EG(n, p) would then be abstractly identical with the arithmetic 
of the corresponding integers and should afford a geometric attack on problems in 
number theory (e.g., the problem of primes). In the correspondence thus set up 
the coordinates of a point become the ordinary positional notation for its corre- 
sponding number when the number is expressed in a scale whose radix is p. For 
example, if p = 3 the point (1, 2, 2) in the euclidean three-space EG(3, 3) is the 
number 122 in the ternary scale or 17 in the decimal scale. Since the number of 
primes is infinite and such a correspondence can be set up for every prime we thus 
have an infinite variety of ways of representing the positive integral number 
system geometrically. Obviously other ordered correspondences can be set 
up for fields formed by adjoining other units. Hence it seems not unlikely that 
finite geometries may find important applications in the theory of equations, as, 
perhaps, might have been expected from the fact that they have found immediate 
applications in group theory. 


CLUB ACTIVITIES. 


THe MatTuHematics Cius oF Brown UNIveErsity, Providence, R. I. 
[1918, 33; 1919, 167; 1920, 28, 223.] 

The officers of the club for the year 1920-21 are: 

Chairman, Professor Roland G. D. Richardson. 

Committee on Program, Professor Raymond C. Archibald, Professor Robert 
W. Burgess, Rachel T. Easterbrooks Gr., Elsie E. Lord ’21, Clarence M. Eddy 
22, Everett L. Sweet ’21. 

Committee on Arrangements, Raymond L. Wilder, Assistant in mathematics, 
Katherine E. Colton ’22, Margaret C. Packer ’21, Allan A. Edgecomb ’22, Francis 
L. Jones ’23, Kenneth H. N. Newton ’22. 

Programs for the current year follow. 

October 29, 1920: “Interpolation” by Albert A. Bennett ’10, Associate professor 
of mathematics, University of Texas. 

December 10: “Curiosities in numbers” by Margaret C. Packer ’21; “Construc- 
tion and use of mortality tables” by Philip M. Brown ’22; “Stephen Leacock 

as biographer and epistemologist”’! by Nellie C. Stokes ’23. 


1§, Leacock, “A, B, and C, the human element in mathematics” and “ Boarding-house 
geometry” in Literary Lapses, London, 1912. 
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January 14, 1921: “Geometrical dissection of figures’? by James B. Hobbs ’18; 
“The problem of squaring the circle” by May B. Carter Gr. 

February 18: “A new conograph” by Allen A. Edgecomb ’22; “Incidents in the 
lives of mathematicians” by Constance W. Haley ’21, Charles Hopkins ’22, 
Elsie E. Lord ’21, Edward S. Skillings ’23, Helen F. Sheehan ’22, Everett L. 
Sweet ’21. 

March 11: “Geometrical conics” by Julian L. Coolidge, Professor of mathematics, 
Harvard University. The club picture is to be taken at this meeting. 

April 15: “Sir Isaac Newton” by Stuart H. Tucker ’22; “The origin of our 
numerals’ by Rose M. Finkelstein ’22; “Gear ratios” by Kenneth H. N. 
Newton ’22. 

May (date to be announced later): Picnic. 


Tue Matuematics CLuB oF THE UNIVERSITY OF Kansas, Lawrence, Kansas. 
[1918, 35, 450, 459; 1919, 208; 1920, 76.] 

The officers of the club for the year 1920-21 are as follows: President, Nadene 
Weibel ’21; vice-president, Vera Steininger ’21; Secretary-treasurer, Lillie 
Strand ’21; reporter, Sidonie Schafer ’21; faculty adviser, Professor Ulysses G. 
Mitchell; program committee, Marie Shaklee ’21, Marie McKinney ’21, the 
secretary and the faculty adviser. 

Programs for the year 1920-21 are given below. 

October 13, 1920: “In times of rhymes,” a review of an old textbook, by Professor 

Ulysses G. Mitchell. 

October 27: “How elementary mathematics is used in astronomy” by Dinsmore 

Alter, Associate Professor of Astronomy, University of Kansas. 

November 10: “Some peculiar graphs,” by Assistant Professor Guy W. Smith. 
December 8: “How elementary mathematics is used in chemistry” by Ralph 

Buffington Gr. 

January 5, 1921: Review of Dudeny’s “ Canterbury Puzzles” by Vera Steininger ’21. 
January 19: “Some inherited problems” by Fern Smith Gr. 

February 9: “The fourth dimension”’ by Lillie Strand ’21. 

February 23: “Card tricks” by Nadene Weibel ’21. 

March 9: “The great cryptogram,”? the argument for Bacon’s authorship of 

Shakespeare’s works, by Gladys Jones Gr. 

March 23: “The arithmetic teaching of a hundred years ago” by Marie Brown 

71. 

April 13: “Reliability of teachers’ marks” by Nina McLatchey, Instructor in 
mathematics. 

April 27: “ Arithmetical prodigies’? by Ruth Strickler Gr. 

May 11: “The story of Hypatia” by Jessamine Fugate ’22. 

May 25: Annual Picnic. 





1Cf. Ignatius Donnelly’s book The Great Cryptogram, R. 8. Peale & Co., Chicago, N. Y., 
London, 1888. 
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PROBLEMS AND SOLUTIONS. 


Epitep By B. F. FINKEL AND Otto DUNKEL. 
Send all communications about Problems and Solutions to B. F. FINKEL, Springfield, Mo. 


PROBLEMS FOR SOLUTION. 


[N.B. The editorial work of this department would be greatly facilitated if, on sending in 
problems, the proposers would also enclose their solutions—when they have them. If a problem 
proposed is not original the proposer is requested invariably to state the fact and to give an exact 
reference to the source.] 


2876. Proposed by H. S. UHLER, Yale University. 


Let a, d, n, and r denote respectively the refracting angle of a prism, the total deviation of the 
ray (in a principal plane) produced by the prism, the relative index of refraction of the material 
of the prism with respect to the single surrounding medium, and the angle of refraction at the 
first or incidence face of the prism. 

(a) Deduce the (new) formula given below. (b) Use this formula to show (without the 
calculus) that the deviation has the least value when the ray is symmetrically situated with 
respect to the two refracting faces. (c) Show that, for minimum deviation, the formula reduces 
to the classical laboratory expression for determining the index of refraction. 
sint?3z(a+d)_, sin 3d sin (a+3d) sin? $(a+d) sin? (r—}a) 
sin? 3a sates 2 {[sin? 4a cos? 3(a+d) cos? (r — 4a)+cos? 4a sin? 4(a+d) sin? (r—4a)] sin? }a° 

2877. Proposed by J. B. REYNOLDS, Lehigh University. 


A particle slides down the rough arc of a cardioid, r = a(1 — cos @), which lies in a vertical 
plane, the initial line being horizontal. If the coefficient of friction, u, equals 3, find 6 for the 
point where the particle leaves the curve, if it starts at @ = 90°. 


2878. Proposed by R. S. HOAR, Fort Banks, Mass. 


Consider the integers 0, 1, 2,3 ---  —1,%. Consider all possible permutations of combina- 
tions of these taken r at a time, allowing any integer to occur more than once. Select from these 
permutations all groups the sum of whose integers is n. Form the reciprocal of the product of 
the factorials of the r integers of each of these selected groups. Then the sum of all of these 
reciprocals will equal r”/n!. Prove that this must be so. 

Example. n = 2,r = 3. 


1 1 1 1 1 1 ¥# . 
STOLOlt OLOl2!+ Ol210!* 1loli!* ifitol’ olilil 21? 
2879. Proposed by E. J. OGLESBY, Washington Square College. 
Given the values of Us:9, Us:10, Us:11, Us:9, Uso, Us1, Uz:9, Uza0, U7a1 where Un: = hk, 
find the value of U6.2:9.3 by interpolation. 
2880. Proposed by SIDNEY DORB, Detroit, Mich. 
Solve the simultaneous equations: ry = 2, 


(3 - _ y+(3- 4 ) =s2. 
f—¥% zty 


2881. Proposed by E. B. ESCOTT, Oak Park, III. 

If, in the polynomial X* — 2, we substitute 2? + 2 — 4 for X, the given expression can be 
factored, that is, X? — 2 = (x? + 32? — 3x — 11)(x3 — 62 + 6). Find a substitution for X 
so that the polynomial X* + pX? + gX +r may be factored. 
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2882. Proposed by E. T. BELL, University of Washington. 

Solve each of the following systems of finite difference equations, giving %n, Yn, Zn as explicit 
functions of Xo, Yo, Zo, ”: 
(1) Ln = Ln—1(Yn—1* — 2n-1°), Yr = Yn-1(Zn—1° seal n-1'), Zn = Zn=1(Cn=1°* = Yn—-1*); 


Ln = Ln—18Yn—r® + Yn—182n—12 + 2n—1°Sn-1? — BE n—-19Yn-1°2n-1', 
(2) Yn = Ln—1*Yn—-1° + Yn—1*2n—1° + Zn—1°En—1° a 30 n—1°Yn—1°*Zn-1', 
Zn = Lui n—12n—1(Sn~1°Yn—r° + Zn—1° — Yn—1*Zn—1* _ Sa~i1*%a—1* nai La~1*Ya—1*). 


A solution of either would be acceptable. From the theory of plane cubic curves a geometrical 
construction for the solution may be given. Also both systems have solutions in terms of elliptic 
tunctions. Do solutions exist, and how are they found, without using elliptic functions? 


PROBLEMS—NOTES. 

4. On page 83 of Revista de Matematicas y Fisicas Elementales, published at 
Buenos Aires, August, 1920, Problem 2785 of this Montuty [1919, 366], and the 
solution [1920, 237] of its proposer, Professor W. H. Ecuots, are translated into 
Spanish. The problem in question is: “If on the sides, as bases, of any closed 
plane polygon, there be constructed similar triangles similarly placed, all out- 
ward or all inward, then the centroid of the vertices of these triangles coincides 
with the centroid of the corners of the polygon.” 

5. In The Ladies Diary: or the Women’s Almanack, for 1739, the follawing 
problem (207) was proposed: “There came three Dutchmen of my acquaintance 
to see me, being lately married; they brought their wives with them. The 
men’s names were Hendrick, Claas, and Cornelius; the women’s Geertruii, 
Catriin, and Anna; but I forgot the name of each man’s wife. They told me 
they had been at market to buy hogs; each person bought as many hogs as they 
gave shillings for each hog: Hendrick bought 23 hogs more than Catriin, and 
Claas bought 11 more than Geertruii; likewise, each man laid out 3 guineas 
more than his wife. I desire to know the name of each man’s wife?” Solutions 
were published in the Diary for 1740'; in one of them it is remarked that “the 
number of hogs, the three men and their respective wives bought, will be express’d 
by three pair of‘numb. the differerice of whose squares must be 63.” 

6. Dr. Orro Kuorz, of the Dominion Observatory, Ottawa, suggested the 
following solution of the problem, to construct with ruler and compasses lines 
equal in length to the reciprocals of the positive integers: On AB, the unit of 
length, construct the square ABCD (the reader is requested to draw the figure). 
Let the diagonals BD, AC intersect in E. Through E draw EF || DA and 
meeting AB in F; join CF meeting DB in G. Through G draw GH || DA 
and meeting AB in H; join CH meeting DB in IJ. Through J draw IK || DA 
and meeting AB in K; andsoon. BF = 1/2; BH = 1/3; BK = 1/4; ete. 

Dr. Klotz’s construction would be equally valid if a parallelogram replaced 
the square ABCD. Indeed both of the constructions may be looked upon as 





1 These solutions were reprinted in The Mathematical Questions proposed in the Ladies’ Diary 
. . . by Thomas Leybourn, London, 1817, volume 1, pp. 280-282; The Diarian Miscellany .. . 
by Cha. Hutton, London, 1775, volume 2. pp. 104-106. One of the solutions was reprinted in 
The Diarian Repository; or Mathematical Register . . . by a Society of Mathematicians, London, 
1774, pp. 359-360. 
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particular cases of the following construction with ruler only, whenever a parallel 
to AB‘ is given: Join O, a point not on AB or the parallel, to A and to B meeting 
the parallel in D and C respectively. Let DB and CA meet in E, and OE meet 
ABinF. Join CF meeting DB in G, and let OG meet BA in H, ete. The points 
F, H, etc., are the same as those found before. This construction was given by 
Brianchon in 1818 in his Application de la Théorie des Transversales, page 37. 
He remarks: “Ce probléme pourrait servir a se former, sur le terrain, une échelle 
de lever, si on n’avait pas a sa disposition une des mesures recues, et qu'on 
connit d’ailleurs la longueur totale de la ligne prise pour échelle.”’ 

Lambert gave another construction in his freye Perspective, oder Anweisung 
. . . 1774, pages 173-174. 

ARC. 


PROBLEMS—SOLUTIONS 


19 (Calculus) [1894, 165, 273-275]. Proposed by A. L. FOOTE, Merrick, N. Y. 


A and B are in a circular room 2R = 30 feet in diameter, A being at the center and B at the 
circumference. B runs around at the rate of v = 600 feet per minute and A pursues him at the 
rate of u = 100 feet per minute. How long will the race last, and how far will each have traveled 
till B is caught? 


160 (Calculus) [1902, 271; 1903, 104-106]. Proposed by 8. F. FINKEL, Drury College. 


A dog at the vertex of a right conical hill pursues a fox at the foot of the hill. How far will 
the dog run to catch the fox, if the dog runs directly toward the fox at all times and the fox is 
continually running around the hill at its foot, the velocity of the dog being 6 feet per second, 
the velocity of the fox being 5 feet per second, the hill being 100 feet high and 200 feet in diameter 
at the base? 


273 (Calculus) [1909, 76, 123-124; 1910, 221]. Proposed by J. SCHEFFER, Hagerstown, Md. 


On one side of a circular pond a feet in radius is a duck. On the diametrically opposite side 
of the pond isa dog. Both swim at the same time, the duck swimming around the circumference 
of the pond at the rate of m feet a minute, the dog swimming directly towards the duck at the 
rate of n feet per minute. How far will the dog swim in overtaking the duck? 


2801 [1920, 31]. Proposed by A. S. HATHAWAY, Houston, Texas. 


A dog at the center of a circular pond makes straight for a duck which is swimming along 
the edge of the pond. If the rate of swimming of the dog is to the rate of swimming of the duck 
as n : 1, determine the equation of the curve of pursuit and the distance the dog swims to catch 
the duck. 


I. REMARKS AND Histroricat Notes sy R. C. ARCHIBALD AND H. P. MANNING, 
Brown University. 


In 1732 Bourger read before the French Academy a memoir “Sur de nouvelles courbes 
ausquelles on peut donner le nom de Lignes de Poursuite’”’? in which he solved the following 
problem: “Trouver la courbe de poursuite, c’est-d-dire la courve par laquelle un vaisseau doit en 
poursuivre un autre qui s’enfuit par une ligne droit, en supposant que les vitesses des deux 
vaisseaux soient todijours dans le méme rapport.” 

Maupertuis gave’ a briefer solution of this and formulated also the following more general 
1Or AA’ bisected at B; with this given Lambert showed, in 1774, that a parallel to AB can 
with ruler alone, readily be drawn through any point. 

2 Histoire de V’ Académie Royale des Sciences, 1732. Paris, 1735, Memoires, pp. 1-14. 

’Idem, pp. 15-16. 
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problem in the solution of which he was led to “1’équation de la courbe en secondes différences”’: 
“La courbe CE étant donnée; trouver la courbe BM, telle que ses tangents ME, coupent sur la 
courbe CE des arcs proportionnels aux ares BM?” 

The earliest reference, we have found, to the consideration of the curve CE as the arc of a 
circle is in J. Ficklin’s problem in an anonymous article of The Mathematical Monthly (Runkle), 
volume 1 (1859), p. 249. In the problem the velocities of pursued and pursuer are supposed 
equal. For this case it is stated that ‘the curve of pursuit continually approaches the circle, to 
which it becomes an asymptote and meets after an infinite number of revolutions, when the 
two bodies will be together.”” In the course of the article (pp. 249-251) other velocity ratios 
(m:n) S1 are considered. For m < n, the pursuer will never overtake the pursued; ‘but its 
nearest approach is a point to be determined.”’ And for m > n, the pursuer will overtake the 
pursued and if the pursuer’s motion continues, his “path outside of the circumference will be a 
wave-like curve, the oscillations growing smaller as the pursuer’s distance from the circumference 
becomes greater.” No analyses or reasons are given in support of any of these statements. 

The problem of determining the curve of pursuit in the case of the circle interested H. Brocard 
for several years before he proposed it for solution in Nowvelle Correspondance Mathématique, 
May, 1877, vol. 3, p. 175. No solution being forthcoming he asked for the differential equation 
of the curve in Mathesis, December, 1883, vol. 3, p. 232; this was given by Keelhoff in Mathesis, 
1886, vol. 6, p. 135. 

The problem appears in the following form in Revue de Mathématiques Spéciales, February, 
1894, vol. 2, p. 272: ‘Un cheval se meut sur une piste circulaire avec une vitesse uniforme; un 
jockey parti du centre se dirige continuellement vers le cheval pour |’atteindre, animé lui-méme 
d’une vitesse constante. Quel est la courbe décrite par le jockey?”” No answer to this problem 
has been given in the Revue. 

Another unanswered query was published in L’Intermédiaire des Mathématiciens, October, 
1894, vol. 1, p. 183: “‘En supposant que la lumiére d’une étoile mettre douze heurs a parvenir 
au centre du circle que l’étoile parcourt en vingt-quatre heurs, quelle serait l’équation de la tra- 
jectoire décrite par un oiseau qui, partant du centre, se dirigerait constamment, avec une vitesse 
donnée, vers le point ot il voit l’étoile?”’ 

And again in the first volume of this Monruiy, August, 1894, 273-275 four contributors 
found for the problem enunciated above by A. L. Foote, that the solution of the differential equa- 
tion “transcends,” as one of the contributors remarks, ‘the present limits of mathematical genius.” 
A slight variant of this problem appeared fifteen years later in J. Scheffer’s problem. 

Professor Finkel’s form was first published in the Educational Times, 1888, problem 9448. 
“Solutions” were first given in the issue for July 1, 1903; Mathematical Questions and Solutions, 
new series, vol. 5, 1904, pp. 30-31. Professor Finkel made clear the equivalence of his problem 
with that of the old problem as follows: ‘Conceive the surface of the cone to be spread out on a 
plane. . . . This surface may be repeated a sufficient number of times to complete the race. 
We may conceive the surface as being an infinitely thin membrane and allowed to overlap; then 
when the race has been continued on the second round about the vertex we may conceive the dog 
in the surface beneath, and so on for any number of rounds. . . .”” The concluding sentence is: 
“This differential equation has never been integrated so far as I know.” 

The differential equation of the curve of pursuit for a circle was discussed in print for the 
first time in an extensive paper by L. Dunoyer in Nowvelle Annales de Mathématiques, May, 1906, 
vol. 65, pp. 193-222. He considered the relative motion of two points, the one moving around 
the circle and the other starting anywhere in its plane, and showed that the problem led to a 
differential equation of the form dz/X = dy/Y; each of the functions X and Y is a polynomial 
of the third degree in x and y. The form of the integral curve in the vicinity of a singular point 
is studied according to principles of Poincaré set forth by Picard in his T'’raité d’ Analyse, vol. 3, 
second edition, 1908, chapter 2. 

Mr. F. V. Morley’s graphical solution of the problem proposed by Professor Hathaway 
appears elsewhere in this issue of the MonTHLy (pages 54-61). 

The only case when there is any difficulty in deciding whether or not the dog, starting from 
the center of the pond, will catch the duck is the case not considered by either Mr. Morley or Mr. 
Dunoyer, namely, when the dog and duck travel at the same rate. This case seems to have been 
solved by Professor Hathaway alone, see below, unless the anonymous author of the article in 
Runkle’s Mathematical Monthly, referred to above, had proved the statement that he made. 

To the case of problem 2801 when n = 1 an anonymous five-page pamphlet (about 3} x 6} 
inches), without date, has been devoted. It is entitled A Common Sense Solution of a Curve of 








1921. ] PROBLEMS AND SOLUTIONS. 93 


Pursuit Problem that has been considered unsolvable by many eminent mathematicians.1 The author 
is L. T. Houghton of Worcester, Mass. 

Mr. Houghton has a relativity theory for his dog and duck problem. He says we might 
think of the duck as stationary and the pond as revolving in the opposite direction?; that it makes 
no difference in the dog’s path through the water whether the pond revolves or the duck swims. 
If the duck is stationary and the dog moves along the radius to the duck, his path in the water 
will be carried around with the pond and will be curved. It is necessary for him to swim in the 
water in a direction oblique to the radius in order to overcome the current as well as to proceed 
along this radius. 

It is the dog’s path through the water that Mr. Houghton takes for his actual path when the 
pond is stationary and the duck swims. This path is characterized by the fact that the dog and 
duck are always on the same radial line. It is a circle of radius one-half of the radius of the pond, 
tangent at the center of the pond to the radius which passes through the starting position of the 
duck.’ We can prove this by forming the equation of the dog’s path, but it may be noted at once 
that the dog swimming on this circle at the same rate as the duck will always be on a line between 
the center of the pond and the duck, two positions of the line forming an angle which is at the 
center of the pond and inscribed in the circle. This makes the dog catch the duck when the 
latter has swum through an arc of 90°, instead of an arc equal to the diameter as Mr. Houghton 
supposes. 

On this path, however, the dog does not swim directly towards the duck, for its tangent 
always points ahead of the duck. Mr. Houghton objects strongly to the “tangent method for 
tracing a pursuer’s path,” but this seems to be a question as to the meaning of “directly towards.” 
We have simply two problems, Mr. Houghton’s problem, where the pursuer is always on a straight 
line drawn from his original position to the pursued; and the “tangent problem,’ which is the 
problem under discussion, in which the pursuer’s path is always tangent to the straight line join- 
ing the two. According to Professor Hathaway’s solution, given below, the tangent problem 
must be answered in the negative. 


II. SoLuTIoN oF PROBLEM 2801 BY THE PROPOSER. 


We shall show that: When the dog starts from any point in the pond with equal or greater speed, 
he is invariably drawn into the outline of a leaf of a four-leaved clover fixed on the shoulder of the duck, 
remaining there and getting as near to the duck as one pleases to name, or eventually catching it. 

Let Q, P (fig. 1) be any positions of dog and duck. The tangents QP at Q and PT at P 
make angles y, ¢, with a fixed line, and if C be the center and @ = 74 CPQ, we have 


v=ot0-5, dy = do + dé. (1) 


If the arcs described from fixed points be S and s, we also have dS = kds, where k is the ratio 
of speeds. Further, CP = a, QP = 1, and, drawing 7'R perpendicular to QP at R, we have the 
differential triangle PRT whose sides are 


1 The following sentences taken from different parts of the pamphlet represent fairly well 
the position of the author: 

“This curve of pursuit problem has estranged old friends and vexed eminent mathematicians. 
Many wagers have been made which professors of mathematics have been called on to settle, and 
their decisions have been in the negative [that is, the dog will not catch the duck], without one 
single line of proof to sustain their findings. A bare assertion is not satisfactory preof.” .. . 

“The ‘nevers’ have claimed that the pursuer’s position [path] is always tangent to a straight 
line drawn to the corresponding position of the pursued. This is the modern theory and also a 
false one. Tracing the dog’s path by setting off the circumference into short spaces, and setting 
off equal distances on the line from the dog to the duck [in its successive positions] will show that 
the pursuer is always on a straight line drawn from his original position to the pursued, and that 
the duck is caught when it has moved over a portion of the circumference equal to the diameter.” 

2 This idea is virtually the same as the idea, which Professor Hathaway uses (in his solution of 
problem 2801), of a system of polar coérdinates moving with the duck. 

3 See the ‘‘turn-table’’ problem, Math. Visitor, 1878, vol. 1, p. 37; also Math. Quests. 
Educ. T., 1889, vol. 51, p. 157. 
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PT = ds, PR =dr+dS =dr+kds, RT = rdy = rdo + rdo. (2) 
Since z PTR = Zz CPQ = 84 (sides perpendicular), 
: dr dr , 
sin 6 oP ads or a = sin @ —k; (3) 
nah an ot? dp _r dé d@ _acos@—r 
— ~ "ds tt 6 T= ar (4) 


(As = add, therefore ds = ad¢). 
Eliminating ds we have 


do _ acos#—r sd 
dr ka —asind' (5) 

THEeorEeM 1. Jf k =1, r decreases without a mini- 

mum; if k <1, sin@ =k determines a minimum or max- 
Fie, 1. imum value of r. 

Since ds is always positive (s always increasing), dr is always negative by (3) if k = 1, but 
may be positive or negative if k <1. Here dr = 0 is a max-min condition, but is not sufficient, 
namely, dr must change sign. This is not satisfied when r = 1, sin@é = 1. Therefore when 
k = 1 r is always decreasing and has no minimum. 

TueEorEeM 2. The angle 0 = Z CPQ is increasing or decreasing according as Q is inside or 
outside of the circle on CP as diameter. 

Draw CK perpendicular to PQ at K. Then, if we take segments along PQ as positive in the 
direction from P to Q, we have QK = a cos @ — 1, positive or negative, and therefore dé@ positive 
or negative, according as Q is inside or outside of the circle CKP (r is always positive during the 
time of the present problem. Only after r = 0 may it be negative). 

THEOREM 3. QK is increasing or decreasing according as Q lies outside or inside of the leaves 
in the first and third quadrants of the four-leaved clover whose equation referred to pole P and axis PC 
is kr = a cos 0 sin 02 
1 We follow Newton’s definition. ‘‘ Differentials are corresponding limits of equimultiples of 
vanishing differences.’ Also, ‘instantaneous state” is mathematically defined as that variation 
in which differentials are increments, just as in actual variation differences are increments. It is 
demonstrated, not assumed, that if a point be generating a curve, its instantaneous state generates 
the tangent, etc. Taking differences from a succeeding position, Q’P’ = r + Ar (Fig. 1), unwrap 
an inextensible string QQ’P’, from the arc QQ’, describing the are P’R’ always normal to the string. 


arc PP’ = As, PR’ = Ar + AS, arc R’P’ = qgAy, r+Ar<q<r+Ar+AS. 








Extend PR’ and PP’ in the ratio N : 1 so large that N-PP’ is as near as we please to PT, when 
Q’P’ is as near as we please toQP. The differences and figure PR’P’ are vanishing, but the finite 
figure, similar to PR’P’, approaches a limit, namely, the right triangle PRT. Hence the above dif- 
ferential values, by definition of differentials. See Science, July 11, 1919, and Feb. 13, Mar. 28, 
May 7, June 11, July 9, 1920, for correspondence on the early history and concepts of the calculus. 

2 This curve, so named by M. Simon (Analytische Geometrie, Leipzig, 1900, p. 316), and called 
also the four-leaved rose curve, and the quadrifolium, is one of the class of rose curves or rhodonees, 
r = asin mé,r = a cos mé, discussed by Guido Grandi in letters to Leibnitz, 1713, in Philosophical 
Transactions, 1723, and in his book, Flores geometrici ex rhodonearum et cleliarum curvarum 
descriptione resultantes, 1728. These curves have been also called corollae by W. J. C. Miller 
(Math. Questions with their Solutions, London, vol. 19, 1873, p. 60) on account of their fanciful 
resemblance to the petals of an open flower. It was remarked empirically in 1752, by G. B. Suardi, 
that the corollae can all be generated as elongated or contracted epi- or hypocycloids, but the proof 
of this fact was first given in 1844 by L. Ridolfi. Bellavitis showed in 1852 that the pedal curve 
of any ordinary epi- or hypocycloid with respect to the center of its fixed circle is a rose curve; 
in particular the four-leaved clover is the pedal curve of the so-called four-cusped hypocycloid or 
astroid. It is also the orthoptic curve of the astroid (Lambiotte, 1877) and the inverse of the 
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These leaves are fixed on the duck, since the axis PC is so fixed. Also with that axis and 
pole (r, @) represents Q. Then 
‘ _ do 7 
d(QK) _ asingee— = kr — a cos 6 sin 0 


ds - ds ds a ine. [(3), (4)] 


and d(QK) is positive or negative with kr — a cos@sin@. Since r is positive, the latter is posi- 
tive, not zero, in the second and fourth quadrants, and is zero only on the leaves in the first and 
third quadrants, positive outside, negative inside. This problem excludes the second and third 
quadrants, but in generalizing the start to any point on land, with the same ratio of velocities, 
approach may be from any quadrant. 

THEOREM 4. When k =1, the pursuing point Q can cross the clover leaf of the first quadrant 
only from outside to inside. 

Put u = kr — acos@ sin 6, then by (3) and (4) we have, when u = 0 (Q on the clover leaf). 


be = ane r . |cos? @ + sin 0(k — sin @)| <0 
since sin@ >0. Therefore u is decreasing, and changes from positive to negative, or Q crosses 
from outside to inside. 

If k <1, then on the first quadrant leaf, entrances are up on the are from P to 
sin @ = 3(k + vk? + 8), and down from sin@ = k to P; the are between these rays contains 
exits only. 

THEOREM 5. If k =1 the first quadrant clover leaf lies wholly inside of the semicircle CKP ; 
if k <1 the leaf intersects the semicircle on the chord sin @ = k. 

THEOREM 6. Theangle CPQ = 6, and the distance CQ = zare both increasing or both decreasing. 

From the triangle CPQ, 22 = a? + r? — 2ar cos 8, 


zdz = (r — acos @)dr + ar sin 6d0 = kar dé 
by (5); therefore 
dz __ kar 0 
er Ridin 

The presence of Q in the circle CKP, if k = 1, can now be shown, wherever it starts in the 
pond. Whenk > 1 we can say dr/ds = 1 — k, a fixed number less than zero, and that r becomes 
zero for a finite value of s. When k = 1 we can say by theorem 2 that @ is always decreasing 
outside of the circle CKP. Suppose we start with the value 6;, Q within the pond, so that z = c < a. 
As long as Q is outside of this circle @ will decrease, but will not decrease as far as — x/2, for z 
will also be decreasing. Then we have dr/ds = sin 9; — 1, and therefore for a finite value of s, r 
becomes zero or Q comes into the circle. But in any case before r becomes zero z will be 
greater than c, and must sometime be increasing; then 6 will be increasing, and Q inside of 
the circle CKP (theorem 2). Hereafter we start from this circle, dismissing k < 1 with the 
remark that r is increasing in the angle between the two rays sin @ = k of the first and second 
quadrants, and decreasing outside of that angle, while @ is increasing inside of the circle CAP, 
and decreasing outside. There is a minimum r on sin @ = k in the second quadrant, and one in 
the first quadrant inside of the circle CKP, and a maximum r on sin @ = k in the first quadrant 
outside of that circle. 

We found (5) to be the differen:ial equation of pursuit as the duck sees it, that is, referred to 
the axis PC fixed on the duck. Let the plane of pursuit revolve about C with opposite the angular 
velocity of P (Fig. 2). No relative positions are changed, but an observer on the ground will see 
only a fixed point P and axis PC; and Q will appear to be moving on the ground, no longer towards 
P but in a direction QZ whose inclination to the radius vector QP is given by (5). 


circular cross curve (Kreuzcurve)—concerning which considerable has been written since it was 
first conceived by Terquem in 1847.—Epiror. 

1In the leaf of the third quadrant, for all values of k, entrances are below, exits above, the 
ray of angle @ given by sin@ = — 2/(k + vk? + 8) [180° to 225°], showing a drift round behind 
the duck. 
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QZ is constructed as follows: Produce CK to CM = ka (in the positive sense, CK being 
equal to asin @, so that KM = ka —asin@). Then the direction of QZ is determined by re- 
volving QM through a counter-clockwise right angle. For, the tangent of the angle which QM 
makes with the radius vector is ‘em’, which by (5) is the negative reciprocal of the 
tangent of the angle made by QZ. By continuity, one case is a sufficient test of sense: when Q is 
on the circle CKP it moves towards P (k = 1). 

THEOREM 7. Capture can take place only from di- 
rectly behind or directly in front. 

If the chord QP of the curved path QP in Fig. 2 be 
vanishing, its angle with the tangent QZ must also be 
vanishing, and the equal angle KMQ. Therefore QK = 
a cos @ — ris vanishing, and since lim r = 0, lim cos 6 
= 0, or the limit of @ is a right angle. 

In the second and third quadrants PQ turns clock- 
wise and all pursuit starting from there must capture 
from behind. Also all starting from the pond, or event- 
ually in the circle CKP, must capture from behind. 
For, in the circle CKP QK is positive, and lim QK = 0 
(theorem 7), therefore QK must eventually decrease, 
and this is only true for Q in the clover leaf of the first 
quadrant (theorem 3) from which it cannot get out 
(theorem 4). This leaf is within the circle CKP (the- 
orem 5), and @ must continuously increase to its limit 
1/2. 

THEOREM 8. The duck is caught or not caught according as (a) k > 1, or (b) k = 1. 
Let accents denote corresponding values. By the mean value theorem 


My 











Fig. 2. 


(r’ — r)/(s’ — s) = sin 0” — k, 6<0" <0 (dr/ds = sin@ — k). 
(a) & >I, s' —s =(r—7r’)/(k — sind”) <rf(k —1). 


Therefore 


Since any distance, s’ — s, that the duck can go without being caught is less than a fixed distance 


it must be caught. 
(0) k =1, s’ —s > (r —7’)/(1 — sin @). 


Now if the duck is caught after going a finite distance, so that lim r’ = 0, we shall have eventually 
s’—s>r7/(1 —sin@). But 


r acos@ _acos#—r_a(l1+sin 4) 


I—ané~1—sné  1—snd ~ cose ~°™4 EMQ, 
which may be made as large as we please, for we may start as near the duck as we please and take @ 
as near 7/2 and “7 KMQ as near zero as we please. This leads to a contradiction, and proves 
that the duck will not be caught in a finite time when k = 1. 

We can employ the methods of this article when the path of the pursued is any curve, C 
being the center of curvature, a the radius of curvature, and d¢/ds = 1/a the curvature, but in 
differentiations a would not be constant. 

The following dynamical development of the preceding is of interest. On the plane of 
pursuit draw the evolute of the path of the pursued, and let it roll on a fixed line carrying the plane 
of pursuit with it. When the pursued crosses the fixed line let the rolling motion begin and be 
always of velocity equal and opposite to that of the pursued about its center of curvature. Then 
the pursued remains in a fixed position on this line. For the actual motion of P is that of a 
fixed point on a line which rolls on the evolute, the point of contact C being its center of curvature 
at the instant. When the line rolls from C to C’, bringing P to P’, the arc CC’ of the evolute rolls 
on the fixed line CP, C’ falling at C’’ on CP, and bringing P’ back to P. All that varies is the 
position of the center of curvature from C to C’’ on CP. 

At the instant when C is the center of curvature and v the velocity of P the latter point has in 
the rolling plane a counter-clockwise angular velocity v/a about C, and this rolling plane, rolling 
to keep P stationary, has a clockwise angular velocity v/a about C. The apparent motion of the 
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pursuing point Q is the resultant of this clockwise angular velocity and a linear velocity kv towards 
P. This resultant is the same angular velocity about a new center M. Hence CM is perpendicular 
to PQ, and in sense so that, if turned a clockwise right angle about C it will lie in the direction PQ. 
Also CM -v/a = kv, or CM = ka. Therefore the apparent velocity of Q is MQ-v/a in the direction 
QZ found by rotating QM about Q a counterclockwise right angle. From these considerations 
(3) and (4) may be derived. 


NOTES AND NEWS. 


It is hoped that readers of the MONTHLY will cooperate in contributing to the general 
interest of this department by sending items to the Editor-in-Chief. 

Mr. F. E. Woop, who received his doctorate at the University of Chicago in 
December, has been appointed assistant professor of mathematics at the Michi- 
gan Agricultural College. 

At Colgate University, Associate Professor A. W. Situ has been made full 
professor and head of the department of mathematics as successor to Professor 
J. M. Taytor [1921, 43]; Professor T. R. Aupg, of the Carnegie Institute of 
Technology, has been appointed associate professor of mathematics. 

Dr. L. A. PocHHAMMER, ordinary professor of mathematics at the University 
of Kiel for forty-three years, died on March 24, 1920, at the age of seventy-eight 
years. He was appointed extraordinary professor at Kiel in 1874, and was the 
author of a number of papers in Mathematische Annalen and Crelle’s Journal. 


At the meeting of the Mathematical Association of America, at the Uni- 
versity of Chicago, December 28-29, the following officers were elected: Presi- 
dent, Professor G. A. MILLER; Vice-presidents, Professor R. C. ARCHIBALD and 
Professor R. D. CarmicHaE.; Board of Trustees, to serve till January, 1924, 
Professor A. A. BENNETT, Professor FLORIAN CaJsort, Professor H. L. Rrerz and 
Professor D. E. SMitrn. The Board chose Professor C. F. Gummer to fill the 
vacancy on the Board caused by the election of Professor Carmichael as vice- 
president. 

At the meeting of the American Mathematical Society, at Columbia Uni- 
versity on December 28-29, 1920, the following officers were elected: President, 
Professor G. A. Buiss; Vice-presidents, Professor F. N. Cote and Professor 
DuNHAM JACKSON; Secretary, Professor R. G. D. RicHarpson; Treasurer, Pro- 
fessor W. B. Fite; Librarian, Professor R. C. ARCHIBALD; Committee of Publi- 
‘ation (to edit the Bulletin), Professor E. R. Heprick, Professor W. A. Hurwitz, 
and Professor J. W. Young. The following members of the council were elected 
to serve until December, 1923: Professor T. H. Gronwa tu, Professor O. D. 
KELLOGG, Professor FLORENCE P. LEwis, and Professor A. D. PITcHER. 


Announcement has been made at Brown University of the completion of the 
NATHANIEL FrRENcH Davis Funp in honor of Professor Davis, now emeritus, 
who was for forty-one years a teacher of mathematics in the University. The 
Fund amounts to ten thousand dollars and the income is to supplement the 
regular library appropriations in purchasing mathematical books and periodicals 
for the mathematical seminary. 





Important Notice 


The Mathematical Association of America, like all other organiza- 
tions of an educational character, gives manifold more than it receives from 
its constituents. This discrepancy is accounted for by the gratuitous and 
arduous work given to the Association by its devoted servants. 


Since it is impossible to raise the dues above a certain maximum with- 
out going beyond the reach of very many of those to whom the Association 
means most, it seems clear that an endowment fund is the best solution of the 
difficulty. Now that the Association is incorporated it is legally qualified to 
administer such a fund. 

An endowment is needed not only to prevent a reduction of the num- 
ber of pages in the MONTHLY, but also to enable the Association to make 
just compensation to its servants, and to go forward with its important 
projects such, for example, as the preparation and publication of a Mathema- 
tical Dictionary which is so greatly needed in the English language. 

It is believed that, when these conditions are widely known among the 
friends of mathematics, financial support of this kind will be forthcoming. 


Legal Form for Gifts and Bequests 


I hereby give! to the Board of Trustees of the Mathematical Association of 








America the sum of eee at aoe Dollars, 


to be known as the 








Fund, and to be used 2 





P Endowment—tlie income only of which may be expended. 
or 
J Special Projects—for which both principal and income may be expended. 


Witness: Signature 








1In case of a bequest, the first line should read ‘‘] hereby give and bequeath,”’ etc. 
2Indicate which one of the two purposes is desired, and omit the other. 
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THE MATHEMATICAL ASSOCIATION OF AMERICA. 


FIFTH ANNUAL MEETING OF THE MATHEMATICAL ASSOCIATION 
OF AMERICA. 


The fifth annual meeting of the Association was held at the University of 
Chicago on Tuesday and Wednesday, December 28 and 29, 1920, in affiliation 
with the American Association for the Advancement of Science and in conjunc- 
tion with the western meeting of the American Mathematical Society. The 
Illinois Section met jointly with the Association in all its sessions and held a 
separate business meeting on Tuesday afternoon. There were 204 in attendance 


at the sessions, including the following 150 members of the Association: 


KATHERINE §. 
College. 


ARNOLD, Milwaukee-Downer 


R. P. Baker, University of Nebraska. 

L. A. Baur, Dept. of Terrestrial Magnetism, 
Ww ashington, EC, 

A. A. BENNETT, University of Texas. 

Vevia Buarr, Horace Mann High School. 

G. A. Buiss, University of Chicago. 

HENRY Buu! MBERG, University of Illinois. 

P. P. Born, University of Kentucky. 

F. E. BRascu, Crerar Library, Chicago. 


W. D. Carrns, Oberlin College. 

FLorian Casort, University of California. 

J. A. Caparo, Notre Dame University. 

R. D. Carmicnak1, University of Illinois. 

C. C. Carter, Bluffs, Ill. 

E. W. Cuirrenven, University of lowa. 

H. E. Coss, Lewis Institute. 

Myrtie Cou LIER, Southern Branch, Univer- 
sity of California. 

C. E. Comstock, Bradley Polytechnic Insti- 
tute. 

I. S. ConpitT, Iowa State Teachers College. 

H. H. ConweE 1, Beloit College. 

M. W. Coutrrap, North-Western College. 

A. R. CratTuorne, University of Illinois. 

S. E. Crown, Michigan Agricultural College. 

1 oe: Curtiss, Northwestern University. 


ALFRED Davis, Soldan High School, St. Louis. 
W. W. Denton, University of Michigan. 

L. E. Dickson, University of Chicago. 

C. 8. Doan, Purdue University. 

J. E. Dorrerer, Manchester College. 

L. W. Downe, University of Wisconsin. 
W. F. Downey, English High School, Boston. 
ARNOLD DresbEN, University of Wisconsin. 


L. C. Emmons, Michigan Agricultural College. 

E, B. Escort, Chicago, Ill 

J. D. Esoieman, Fellow, 
cago. 

H. J. Errimncer, University of Texas. 

G. C. Evans, Rice Institute. 

G. W. Evans, Charlestown High School, 
Boston. 


University of Chi- 


Zor Fereuson, Crane Junior College, Chi- 
cago. ; : 

J. A. Fopera, Crane Junior College, Chicago. 

i my FocxE, Case School of Applied Science. 

A. F. FRuMVELLER, Marquette University. 


C. D. GartoucH, Wheaton College. 
CorNELIUs GouwENns, Iowa State College. 
M. E. Graser, Morningside College. 

G. H. Graves, Purdue University. 


W. A. Hamitton, Beloit College. 
Harris Hancock, University of Cincinnati. 
W. L. Hart, University of Minnesota. 
W. “a Hart, University of Wisconsin. 
S. Haynes, Beloit College. 
A. R. He DRICK, University of Missouri. 
. L. HERRON, Hillsds ile College. 
_ H. Hitpesranpr, University of Michigan. 
. H. Hopge, Purdue University. 
*. F. Hoteate, Northwestern University. 
. M. Howie, Peru (Neb.) State Normal 
School. 


M. H. Incrauam, University of Wisconsin. 
DuNHAM JACKSON, University of Minnesota. 


L. C. Karpinsk1, University of Michigan. 
O. D. Ketioce, Harvard University. 

A. J. Kempner, University of Illinois. 

A. M. Kenyon, Purdue University. 


E. P. Lang, University of Wisconsin. 

Kurt Lavss, University of Chicago. 

Mrs. Mayme I. Loaspon, University of 
Chicago. 

A. C. Lunn, University of Chicago. 


MartTHa MAacpona.p, Iowa State College. 

S. L. Macponarp, Colorado Agricultural 
College. 

W. D. MacMi1an, University of Chicago. 

GerTRUDE I. McCain, Oxford College for 
Women. 

F. M. McGaw, Cornell College. 

J. V. McKe vey, Iowa State College. 

Matcotm McNet1, Lake Forest College. 





